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Abstract

This paper shows that multivariate distributions can be characterized as Maximum Entropy
(ME) models based on the well-known general representation of density function of the ME
distribution subject to moment constraints. In this approach, the problem of ME characteriza-
tion simplifies to the problem of representing the multivariate density in the ME form, hence
the need for case-by-case proofs by calculus of variations or other methods are eliminated. The
main vehicle for the ME characterization is the the information distinguishability relationship,
which easily extends to the multivariate case. Results are also formulated that encapsulate
implications of the multiplication rule of probability and the entropy transformation formula
for ME characterization. The dependence structure of multivariate ME distribution in terms of
the moments and the support of distribution is studied. The relationships of ME families with
the exponential families and with conditional exponential families are explored. Applications
include the ME characterizations of more than twenty five bivariate families.

KEY WORDS: Bivariate distribution; Characterization; Dependence; Exponential family;
Kullback-Leibler information; Mutual information.

1 Introduction

Maximum entropy (ME) methods produce probability models for random prospects that incorpo-
rate given information [26, 27, 40, 41]. Many well known univariate parametric families of distribu-
tions and several multivariate families have been characterized as ME models [6, 7, 29, 42, 44, 45].
In statistics, numerous diagnostics and tests of distributional hypotheses have been developed based
on ME characterizations [11, 14, 18, 19, 20, 21, 22, 25, 32, 35, 37, 38, 39, 42, 43|.

Shannon entropy of a distribution F' is defined as

H(F|S) = — /S f (@) log f(x)dv(x). (1)

In most parts of this paper the density is with respect to the Lebesgue measure and subscript
v is omitted. In one case (Example la) we use the product measure, Lebesguexcounting. In

a few other cases (in Table 3) where the distributions do not have density with respect to the



Lebesgue measure, we include subscript v to identify the densities. The support S will be included
in information quantities as needed to emphasize its key role for some results.
For information characterization of multivariate distributions we consider a moment class of
distributions
Qp ={F: Ep[I;(X)] =0;, j=1,---,J}, (2)

where T)j(x) are real-valued integrable functions with respect to dF'(x), and 6;, j = 1,---,J are
specified moments. The ME model in the moment class Qp is the distribution that maximizes (1).

The set of linearly independent moments

that generates Qp will be referred to as the moment information set. If the expected value of
elements of one moment set 7; can be obtained from the expected value of elements of another
moment set 75, the two sets will be referred to as congruent, denoted as 77 = 75.

This paper provides some results for the ME characterizations of multivariate distributions.
These results, which are formulated from some well-known relationships of information theory,
eliminate the need for laborious proofs like Lagrangian and isoperimetric formulation of calculus of
variations often used for ME characterizations of parametric families on case-by-case basis for each
family.

The main vehicles for the ME characterization are the well-known general representation of
density function of the ME distribution in 2, and the information distinguishability relationship,
which easily extends to the multivariate case. In this approach, the problem of ME characterization
simplifies to the problem of representing the multivariate density in the ME form, similar to the
identification of distributions with densities in exponential families.

Results are also formulated that encapsulate implications of the multiplication rule of probability
and the well-known entropy transformation formula for ME characterization.

The dependence structure of multivariate ME distribution in terms of the moment information
set (3) and the support of distribution is studied. It is noted that, given the marginal distributions,
the ME model in Qp is also the minimum dependence model. The concept of nested ME distri-
butions is introduced and results are formulated for measures of information dependence for ME
models.

The relationship and lack of equivalence between ME families of distributions and exponential
families are explored. The relationship between families of ME distributions and distributions
with conditional in exponential families is also explored. Numerous examples are presented. For
simplicity, all examples are bivariate. Applications to ME characterizations of more than twenty

five bivariate families are presented.



This paper is organized as follows. Section 2 presents the results for ME identification, and
explores the relationships of ME families with the exponential families and with conditional expo-
nential families. Section 3 presents ME characterizations of numerous bivariate families. Section 4
gives a result on ME transformation and its application to ME characterizations of several bivariate

families. Section 5 discusses dependence structure of ME distributions.

2 Maximum Entropy Identification

The Kullback-Leibler information between two distributions F and G for a random vector X is
K 618) = [ 10672 siayiva), (1)
S g(x)

where f and ¢ are densities with respect to measure v over the support S. It is assumed that F is
absolutely continuous with respect to G.

Kullback-Leibler information have many desirable properties for developing probability and
statistical methodologies. Two properties utilized in this paper are: (a) K(F : G) > 0, where the
equality holds if and only if f(x) = g(«) almost everywhere; and (b) for a given g, K(F : G) is
convex in f. K(F : G) is also referred to as relative entropy, cross-entropy, and directed divergence,
and G is referred to as the reference distribution. However, unlike the Kullback-Leibler information,
—o0 < H[F(z|S)] < 0.

The MDI model in Qg relative to G, when F' € Qp is absolutely continuous with respect to G,
is defined by

F* = argfgleliglnF K(F:G).

The MDI Theorem and its extension to multivariate and multiparameter case ([30], pp. 38, 48)

give the solution. If

C(\,S) = [ /S e M E) == NT () o () gy () B >0 (5)

exists, then
K[F :G|S)| > K[F*:G|S)] =1logC(\,8) — M0y — - — N0, VF € Qp, (6)
and F™ is unique and has density function in the form of
F(@lS) = C(\, S)g(w)e BT ), (7)

0
where A = (Aq,---, Ay) is the vector of Lagrange multipliers given by 6; = W log C(\,S).
J

We will consider two reference distributions which give equivalent MDI solutions. In our first

case the reference distribution G is uniform (proper or improper) and the solution is the ME model.



The second case that we consider in Section 4 is when the reference distribution G is the product
of a set of marginal distributions.

When (5) exists for the uniform G, the MDI Theorem gives the ME model
F(x|S) = C(\,S)e MTE) == ATy (T) (8)
The entropy of ME model is given by
H[F(x|S)] < HIF*(x|S)] = —1logC(A\,S) + M1+ -+ Aj0;, VF €Qp. 9)

The density (8) can be obtained directly by calculus of variations (see, e.g., [27, 12]). It should
be noted, however, that the ME (or MDI) model may not exist for a class of distributions, a
reference distribution, or for a support. When it exists, the ME model is unique due to the fact
that the entropy is concave in f. The calculus of variations solution suggest the form (8) as
the solution, but does not show the uniqueness ([12], p. 267) without the additional burden of
examining second-order variation.

The following multivariate information distinguishability relationship between Kullback-Leibler

function and entropies is the key to the simple proof of ME characterization of a distribution.
Lemma 1 For any F € Qp,
K(F : F*|S)=H(F*|S)— H(F|S) >0, (10)

where F* is the ME model in Qp. The equality holds if and only if f(x|S) = f*(x|S) almost

everywhere.

The proof is the same as the univariate case given in [42]. Note that
K(F: F*|S) = ~H(F|S) — Eyllog *(X)].

Use (8) for f* and note that since F* € Qp, E¢[T;(X) = 6;]. Then the result is given by (9). The
equality K(f : f*|S) = 0 is attained if and only if f(x) = f*(x) almost everywhere.

Proofs for ME characterization of particular families of distributions frequently appear in the
literature. The information distinguishability relation is a simple but sufficiently general result that
alleviates the burden of proof for particular families of distributions by calculus of variations and
other mathematical techniques. Only identifying the moment conditions is needed. The following

result encapsulates this ME characterization approach. Proof is given in [12], pp. 267-268.

Lemma 2 (Maximum Entropy Identification) Any distribution with a density function in
form of (8) is the unique ME model in the moment class of distributions (2) generated by the

moment information set T = {T;(x),j =1,---,J} shown in exponent in (8).
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Some sufficient conditions for finiteness of multivariate entropy can be drawn from some well-

known results.
(a) Boundedness of f(x) implies H(F') > —o0.

(b) If F is absolutely continuous with respect to the product of marginals Fj - - - Fy, then finiteness
d

of marginal entropies implies H (F') < oo. This is seen by noting that H(F') < Z H(F;), where
i=1

F; denotes the marginal distribution.

(c) If F is absolutely continuous with respect to the product of marginals F} - - - Fy, then finiteness
of marginal variances implies H(F) < co. Let 02 denote the variance of Fj. It is well-known that

1
H(F;) < 3 log(2me) + 3 log O'Z-2 , since the right-hand-side is entropy of the normal distribution

which is ME for given variance.

A sharp upper bound for the multivariate entropy is given when F' has finite variances and

covariances. If the covariance matrix ¥ is nonsingular, then
d 1
H(F) < B log(2me) + 3 log |X], (11)

and the equality is attained if and only if F' is multivariate normal distribution.
Next result give the ME characterization of the joint distribution in terms of the ME charac-

terization of a marginal and a set of conditional distributions.

Corollary 1 (Maximum Entropy Chain Rule) Let Tx, = {Tj,(X1), j1 =1,---,Ji} and
Txylovan s = 1L (@1, 2k-1, Xk), i =1,--+,Jk} k= 2,---,d denote the moment information

sets that characterize the marginal distribution Fx, and conditional distributions Fx, |z, ... as

WLhk—1

ME, respectively. Then the joint distribution F'x is ME in the class of distributions generated by

the moment information set
d
TX =TC U T;él:Xk’
k=1
where T¢, ., = Tx, and
T)Z:Xk = {lOng(Xla T 7Xk—l)7 )\jk(le T 7Xk—l)Tjk(X17 ce 7Xk)7 ]k = 17 Tty Jk}v k= 27 T 7d7

in which \j, (x1,- -, 2k—1), jk = 1,---, Ji are parameters and Cy(x1,---,x,_1) is the normalizing

factors for the conditional MFE densities.

Proof. Write the joint ME density using multiplication rule

[ @) =[x, (@1) fxppe (®2) - FX o o mg 2 (Za)-



The densities in the right-hand-side are ME with moment information sets 7x, ;.2 ,,» K =1,---,d,
so they are in the form of (8). The parameters and normalizing factor of the marginal density
% (z1) do not depend on x9,---,xy. The moments, parameters, and normalizing factor of each
conditional density f;‘(k‘ ey (z) are functions of x1, - - -, xx_1, some possibly constant functions.
Write each conditional ME density in the form of (8) with log Cy(x1,---,2k—1) in the exponent.
Then the product in the right-hand-side is in the ME form (8). The result is obtained upon
simplifications. When there is no cancelation of terms in the right-hand-side product, then 7 is

the union. If there is a cancelation, 7 is a proper subset of the union.

The product decomposition of a joint density is order-dependent. By uniqueness of the ME
distribution when it exists, one expects that the union for all n! arrangements of the components of
X to be congruent with 7x . When there is no cancelation of a factor in the product of conditional
and marginal densities 7x is congruent with the union. Next example illustrates the chain rule

result for three bivariate distributions.

Example 1
(a) Consider the geometric distribution with f,,(y) = p(1 —p)¥, y = 0,1,2--- where p has a beta
r
distribution with f,(p) = %p‘)‘_l(l — p)?~1. The density of beta distribution can be

written in ME form (8) with 7, = {T1(p) = logp, T2(p) =log(1—p)}, A1 = 1—aand Ay =1—-7.
The geometric distribution can be written in ME form (8) with 7y, = {T1,(p,Y) = Y’} and
AL, = A, (p) = —log(1 —p), Ca(p) = p. Thus, 7y, = {logp, =Y log(1 — p)}. The joint (beta,
geometric) distribution is ME in the class of bivariate distributions generated by the moment

information set

Typ = {N1(Y,p)=logp, To(Y,p) =log(1l —p), T3(Y,p) = Ylog(l - p)}
~ T,UTy,,
and with A\ = —a, Ao =1 — ( and A3 = 1.

(b) Mihram and Hultquist [34] motivated and derived the Beta-Stacy distribution as the product
of the conditional beta distribution with density

I(a+P)

Wiﬂg_l(!ﬂl — )" 0< @ <,
1

flxo|z1) =
and the generalized gamma (Stacy) distribution with density

T)\Tﬁ T _1 _ )\ T
flz) = xﬁe(xl),xzo.
O !
We note that the marginal density f(z1) is in ME form (8) with Tx, = {T1(X1) = X7, T2(X1) =

log X1} and with Ay = A", Ay = 1—73. The conditional density f(z2|z1) is in ME form (8) with




TX2‘x1 = {T12 (wl,Xg) = log X2, ng (xl,Xg) = log(xl — Xg)} and )\12 =1- «, )\22 =1- ﬂ In
this case the model parameters are constant functions of x1, but a moment and the normalizing
factor includes x1. Thus, 73, v, = {log X1,log X»,log(X1 — X2)}. Since there is no cancelation

of terms in the product f(x1)f(z2|z1), the moment information set for f(z1,z2) is
TX17X2 = TXl U T§17X2

= {Tl(X) = Xir, TQ(X) = logXl, T3(X) = long, T4(X) = log(X1 — XQ)}
This moment information set characterizes the joint Beta-Stacy density

\oHOT o ,
f(z1,m0) = 7| (a +6)$I5 @ ﬁxg‘_l (21 —xg)ﬁ_le_()‘xl) , 0<mzo <z, a, 3,08, X>0,

L(a)T(B)I(6)
which is in ME form (8) with Ay =A™, da=a+—-75, \g=1—a, \y=1—0.

Let the conditional distribution f(z2|z1) be beta as above and the marginal distribution of X;
be gamma with density

Aﬁ 6_1 -\ 1
f(a:l)——r(ﬁ)azl e , T1 >0

This density is in ME form (8) with Tx, = {X1, log X1}. Since the term @' cancels out in
the product f(x1)f(z2|z1), the moment information set for f(x1,x2) is a proper subset of the

union

TXl,Xz = {Tl(X) = Xl, TQ(X) = lOgXQ, TQ(X) = log(X1 — Xg)}

C Tx, UTy, x,-

This moment information characterizes McKay’s bivariate gamma distribution [33] with density
Aot+B
INGYINCE))
This density is in ME form (8) with Ay =\, Aa =1 —q«, and \3 =1—f.

B=le= At 0 <ag <2, a, 3, A>0.

2§ (@1 — 32)

flx1,@2) =

2.1 Maximum Entropy Exponential Families

Lemma 2 shows that the problem of ME characterization by moments is only an identification

problem, very much like identifying a distribution as a member of the exponential family. However,

the sets of ME and exponential families are not isomorphic.

A multivariate family {Fj} is said to be an n-parameter exponential family if the density of Fj

is in the form of

fa(@) = a(B)r(w)en W@ BWn(@) (12)

where ¢(8) and 7;(3) are real-valued functions free from @, and r(x) and W;(x) are real-valued

functions free from 3.



(a)

If r(x) is a constant, then fg(x) is in the ME form (8), and the exponential family member is
the ME model in the class of distributions generated by information set 7 =W = {W;(X), i =
1,--,nb.

If log r() is integrable, then fz(x) in (12) can be written in the ME form (8), hence F' = F*
is the ME model in the class of distributions generated by information set 7 = W U W,(X),
where W, (X)) is set of moments generated by log r(x).

When log r(x) is not integrable, then fg(x) in (12) still can be written in the ME form (8),

however, it is not a proper ME model with finite entropy.

Some ME densities may not be written in the exponential family form (12). An example is ¢

distribution. Consider the bivariate ¢ density

1 9 9 —(m/241)
f(arl,xz):%(l—i-iwl:;xz) , m>0.

This density can be written in the ME form (8) with T3 (X) = log(m + X? + X2) and \; =
m/2+1, but it can not be written in the form of (12). The ME characterizations of multivariate

t as a transformation of Pearson Type VII is given by Zografos [45].

The following example illustrates that an exponential family of distribution may or may not be

an ME distribution.

Example 2

(a)

The most famous member of the distribution in exponential family and the most well known
ME model is the normal distribution. The bivariate normal density is

1
2wo109y/1 — p?

fa(x1,22) =

1 z1—m)? 2p(zq — 9 — To — 115)2

o7 0102 05
This density can be written in the ME form (8) with

2

Tx = {Ti(X) = X1, Ta(X) = Xy, T5(X) = X7, Tu(X) = X3, T5(X) = X1 X»}, (14)

(13)

and \j = X\;(p1, p2, 01,03, p), j = 1,2,3,4,5; hence it is ME by Lemma 2. If 8 = (u1, po, 07,03, p),
then r(x) in (12) is constant and W;(X) = T;(X), j = 1,2,3,4,5 shown in the ME moment
information set (14). Several other examples of parametric families with exponential family

densities will be presented in Section 3.



(b)

Consider the normal distribution when 02,03, and p are known and B = (u1,u2). Then,
Wi(x) = 21, Wa(x) = 22, and log 7(x) = ag(a123+asx3+asr122), where ap, = ax(0?,03,p), k =
0,1,2,3. Since logr(x) is integrable, the normal distribution Fg = F* is ME, however, subject to
the same moment information set as (14) where the first two moments, 77(X) = W1 (X) = X;
and T»(X) = Wa(X) = Xy, are from the exponential family exponents and the last three

moments are from logr(x).

Consider the bivariate distribution with the following density

B(B+1)
r122(log 21 + log z9 — 1)8+27

fa(w1,22) = z1,79 >¢e, 0<B <L (15)

1
This is an exponential family density with r(x) = P and Wi(x) = log(log z1 + log zo — 1).

It can be shown that log r() is not integrable and hence fg(x1,22) is not a proper ME model.

An n-parameter bivariate distribution is said to have conditionals in exponential family [3, 4]

if its conditional densities fi(z1|xz2) and fa(z2|z1) are in (12) form with gy, 7%, Tk, and Wy, @ =

1,---,ng, k=1,2. The joint density is in the form of
a1, 39) = 11 (21)ra(22)e W1 (21) AWa(22) (16)
where
Wi(z1) = [1L,Wiaz1), - Wi, (z1)]
Wa(za) = [1,Waa(z2), - Wan,(22)]',
and A is (ny + 1) X (n2 + 1) matrix of parameters
Ao | Ao Aoy
[ + [ [ [
A=| Mo |
‘ A12
A1’L10 |

subject to the normalizing

/ f(:El,l‘Q)dVl(l‘l) dl/g(l‘g) = 1,
Sxy /Sx4

which imposes restrictions on the A;;.

The density (16) is in the exponential family density (12) form. Thus, the bivariate distributions

with conditionals in exponential families are ME whenever logr(xy), k = 1,2 are integrable. The
ME information moment set is given by 7 = (W; x Wa) UW,, (x1) UW,, (z2), where V) X Wh) =
{Wli(Xl)ng(Xg), 1 =0,1,---,n1, £ =0,1,---,ng, i = ¢ 75 0, ﬁij 75 O}, and er(a:k) is set

of moments generated by logri(xr). Next example illustrates ME characterization of bivariate

distribution with normal conditionals. Several other applications will be given in Section 3.



Example 3

Bivariate normal conditionals is given by (16) where Wi(z1) = (1,21,23), Wa(z2) = (1,29, 73),

r1(z1) = ro(x2) = 1, and for integrability one of the two set of restrictions on B must hold:

)\22 = /\12 = )\21 = 0, /\20 < 0, /\02 < 0, 4/\02/\20 > )\%1 (17)
Agg < 0, 4X99Xg2 > )\%2, 499 N9 > /\%1 (18)

The parameter restrictions (17) give the bivariate normal distribution.
The moment information set for the ME characterization of bivariate distribution with normal
conditionals is

T = (W1 XWQ)
= (i(X)=X1, h(X) =Xy, T3(X)=X? Ty(X)= X2, T5(X) = X1 Xo,

Te(X) = X2Xo, TH(X) = X1 X2, Ty(X) = X?X3}.

Thus the bivariate distribution with normal conditionals requires three additional moments than the
bivariate normal distribution. Specific cases include the bivariate normal distribution obtained from
the first five moments, bivariate distribution with normal conditionals of Castillo and Galambos
[10] obtained from the subset {T3(X),Ty(X),Ts(X),T7(X),T3(X)} and the centered bivariate
distribution with normal conditionals obtained from the subset {T5(X),T4(X),Ts(X)}.

3 Applications: ME Characterization of Bivariate Families

This section presents the ME characterizations of many bivariate distributions. Simplification of
ME characterization is achieved through location-scale transformation ¥ = X1/2(X + u). We con-
sider F'x. That is, without loss of generality, we ignore the location vector and scale matrix in most
cases where no particular purpose being served. One can simply obtain the ME characterization
of Fy by application of Lemma 3 of Section 4 to the affine transformation X = X~Y2(Y — ). If
¥ is nonsingular, Jacobian of transformation is |%|~1/2.

The distributions are classified into three groups according to their supports. and one group

shows applications of Lemma 3.

3.1 Distributions with Unrestricted Support

Examples of ME bivariate families with support the entire space S = R?, the first quadrant S =
Q1 = {(z1,x2) : 1,22 > 0}, and the first and second quadrants S = Q1 U Q2 = {(z1,22) : —00 <
x1 < 00,z9 > 0} are shown in Table 1. Each distribution is ME in the class of distributions
generated by the corresponding moment information set with 7j(X;, X2) shown in the second

column of the table. It is easy to verify that the densities of the distributions listed in Table 1 can

10



Table 1. Examples of Maximum Entropy Bivariate Distributions with Rectangular Support

ME Distribution and density

Information Set

Pareto, z1,29 >0
flrr,22) = ala+1)(1+x1 +22)7 72 a>0

Pearson Type VII, —co < z1, 29 < 00
a—1
f(xlaIQ) = T(l —I—.I% —|—$§)70‘, a> 1.

Kotz Type, —oc0 < 21,29 < 00

TAYT
Fone) = rarm

(22 + x%)o‘fle*)‘(z?”gy, a,\,7>0
Freund’s bivariate exponential, xz1,x5 >0
(Absolutely Continuous Bivariate Exponential)
A
A1+ A ANz + App) e Mo m etz g gy
1 2
flz1,@2) =

)\2()\1 + )\12) 6_(>\1+)\12)I1_)‘212, xr1 > Ta,

A=\ +)\2+/\12,)\1,/\2,)\12 >0

A1+ Ao

Pareto Conditionals, z1,z2 >0
fla1,22) = C(a,a,0)(a + 21 + x9 + br122) ™ *"", >0

Bivariate Exponential Conditional, x1,z5 > 0
f(:vl,xg) = )\1)\26(5)e—>\111—>\2m2—)\3m1m2,
/\1,)\2 > O,/\g > O, 0= )\3/)\1/\2

Bivariate gamma conditionals Type II, 1,22 >0

_ Cap(a)ATN
o) = e

a—1 ﬁ*l 7)\1x17)\2x27)\3x1x2
1 2 ’

auﬁu A17)\27)\3 >0

Gamma-Gamma Mix, x1,z9 >0

flz1,20) = L/\gxaw—l 2B lem Mzi—Aszza
’ D)l () 2

)

o‘aﬁaAlv)\Zi >0

Normal and Gamma conditionals, —oo < x1 < 00, T2 >0

+ +asal
f(xl’x2) = C(a17a27a37)‘17)‘27A37)\47)\5)$gl F2TT AT

2 2
X e*)\lxlf)qxl7)\3x27)\4zlz27)\511127

{

—_— T

Tl(X) = log(l + X1 + XQ)
T1(X) =log(1 + X2 + X3)

Ty(X) = (X7 + X3)7,
T5(X) = log(X} + X3)

TI(X) = Xy, T2(X) = Xo,
T1(X) = max(X1, X3),
Ty(X) = D(X; < Xo)

1 if 1 <o
0 otherwise

D(x1 < x2) = {

Tl(X) = log(a + X1 + XQ + bX1X2)

T(X) = X1, To(X) = X,
T5(X) = X1 X,

T(X) =X, To(X) = Xo,
T5(X) = log X1, Tu(X) = log X,
T5(X) = X1 Xo

T(X) =Xy,

TQ(X) = IOgXl, Tg(X) = IOgXQ,
Ti(X) = X1 Xo

T (X) = X1, To(X) = X2,

T3(X) = Xa, Ty(X) = log Xo

Ts(X) = X1 X5, To(X) = X2X,

T7(X) = Xl IOgXQ, Tg(X) = X12 IOgXQ,

be written in the form of (8). We only make some brief comments about these distributions. The

entropy expressions for these distributions are given in [36], so the existence is guaranteed.

The Pearson Type VII, Kotz type, densities of Pareto, and the Freund’s bivariate exponen-

tial/ Absolutely Continuous Bivariate Exponential (ACBE) distributions shown in Table 1 are mem-
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bers of exponential family with a constant r(x), hence they are ME. The ME characterizations of
Pearson Type VII is given by Zografos [45] and the ME characterizations of Kotz Type is given by
Auglogiaris and Zografos [7] with laborious proofs.

The ACBE distribution is the absolutely continuous part of Marshall-Olkin exponential distri-
bution (shown in Table 3) and is a reparamterization of Freund’s bivariate exponential distribution
[9, 31]. The four constraints for ME characterization of ACBE distribution corresponds to four

independent sufficient statistics that appear in the maximum likelihood equations for a sample of
n

n observations given in [9], where the last constraint corresponds to ny = ZD(&:M < x9;). Also

i=1

note that the density of ACBE distribution can be represented in the ME form (8) as:
f*(xl, IIJ‘Q) _ A )\2()\1 + A12) e—)\lxl—)\zxz—)\lz maX(xl,xz)—)\gD(Z‘1<x2)’ (19)
AL+ Ao
where D(z1 < x2) is the indicator function shown in Table 1. Since, E[D(X; < X3)] = 3 )4\_1/\ ,
1+ A2

the parameters in the representation (19) are restricted as

A1(Ag + >\12)>
—og (22T A1)y
As = log </\2(>\1 + A12)

That is, the role of the last constraint for ME characterization of ACBE distribution is the parameter
restriction required for the identification of its two branches.

The bivariate Pareto conditionals, bivariate exponential conditionals, bivariate gamma condi-
tionals, the gamma-gamma mixture and gamma normal conditionals are examples of (16) with
Aie = 0 for some i and ¢ [2, 3, 4]. The normalizing constant for bivariate Pareto conditionals

depends on a and b of the information moment. For a = 1 and b = 0, the moment reduces to the

bivariate Pareto case. For a = 0 and b > 0, the normalizing constant is C'(a, b) = %@. For
T
a > 0 and b > 0, the normalizing constant is awkward (see [3] pp. 106, 107). The normalizing

e -1
constant for the bivariate exponential conditionals includes ¢(d) = [ / e *(1+ (52)_1dz]
0

The Type II bivariate distribution with gamma conditionals shown in Table 1 is Model II of
Arnold et al [3]. It is obtained from (16) with Wi (z1) = (1, 21,logz1), Wa(ze) = (1, z2,log z2),
Te(Tp) = 2k, k=1,2, M2 = X1 = A2 =0, Mo =, do1 =3, Ao = A1, Aoz = A2 >0, Mg =
A3 > 0; and the normalizing constant includes confluent hypergeometric function given by

1 [ele]
Cap(A3) = —F()\g) /0 e_)‘?’zzo‘_l(l + z)ﬁ_a_ldz.

Arnold et al [3] list five other bivariate distributions with gamma conditionals (including indepen-
dent bivariate gamma) obtained from (16) with restrictions on \;. The ME characterizations of
these models can be obtained similarly.

The Gamma-Gamma Mix distribution is a generalization of the gamma-exponential distribution

studied by Darbellay and Vajda [15]. Both conditional distributions are gamma, thus it is in the
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form of (16) whose moment information set has one less element than Type II bivariate distribution
with gamma conditionals. It may also be viewed as the limiting case of Type II bivariate gamma
conditionals when Ay — 0.

The bivariate distribution with normal and gamma conditionals shown in Table 1 is discussed
by Arnold et al [3, 4]. It is obtained from (16) with Wi (z1) = (1,21, 2%), Wa(z2) = (1, x9,log x2),
71 (xl) a constant, ry = x9, and

A2, Agp > 0, 4Aiohiz > Ay, 4dapdoe > A3, Aoz < Az (1 — log i—iz) -
There is no closed form expression for the normalizing constant. For A\jg = Aog = A2 = Ao1 = Ao =
0, this distribution reduces to the conjugate normal-gamma prior distribution for normal likelihood
[3, 4, 16]. Thus, the family of conjugate normal-gamma prior distributions for the univariate normal

likelihood f(x|w,7) = N(u,71) is the ME prior distribution subject to moment constraints

T= T3(1u77_) =T, T4(:u77_) = lOgT{Tl(:uvT) = UT, T2(:u77_) = N%T}

3.2 ME Distributions with Restricted Supports

Table 2 shows a few examples where the supports are restricted. Each distribution shown in Table
2 is ME in the class of distributions generated from the corresponding moment information set.
The support of bivariate distribution with normal marginals shown in Table 2 is the first and
third quadrant in R2, [3]. This density is in the ME form (8). The bivariate exponential with
triangular support gives the normalized first (second) branch of ACBE distribution shown in Table
1fora=0(a=1)and =1 (8 =0). This density is also in the ME form (8). The densities
of bilateral Pareto [16], bivariate Pareto conditionals, bivariate beta conditionals [3], Dirichlet,
and Pearson Type II distributions can be tranformed in the ME form (8) using the logarithmic
moments shown in the table. The ME characterization of Dirichlet distribution is given by Kapur
[29], and the ME characterization of Pearson Type II is given by Zografos [45], with laborious

proofs. Application of Lemma 2 simplifies the proofs.

3.3 Distributions with Support in #2U R

The distributions shown in Table 3 give positive probability to a two-dimensional region as well as
to a line (two lines in the case of natural exponential distribution). Formally, their supports are in
the form S € R2 UR. Hence these distributions include absolutely continuous and singular parts,
with respect to two-dimensional Lebesgue measure.

Nadarajah and Zografos [36] computed entropies of Marshall-Olkin, Cuadras-Augé and natural

bivariate exponential distributions using densities shown in Table 3. Ebrahimi et al [23], following
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Table 2. Examples of Maximum Entropy Bivariate Distributions with Restricted Supports

ME Distribution and density Information Set
Bivariate normal marginals, z1x2 >0
[, m9) = ——— e—3@H/aEra/) o s, Ti(X) = X{, To(X)=X3
T\/O1092

Bivariate Exponential on Triangle, 0 < axs < 1 < (2
A A A A
f(«rl,fEQ) = (a L 62)—(60{ L 2) e_klml_)‘2m2, )\15 AQ > 0.

Ti(X) = X1, To(X) =X

Bilateral Pareto, 0 <z <n <& < a9
’ T1(X) =log(Xs — X

Flr,22) = afa + 1)(E - ) (e2 —21) ™+, a> 1 1(X) = log(Xz — X1)
Pareto Conditionals 0 < x1,20 <1, 21 + 22 — Az129 < 1

f(‘rlux?) = C(aﬂn)(l —T1 — X2 + Awl‘T?)l/a_lu a>1

Tl(X) = log(l — X1 — X2 + AXlXQ)

Beta conditionals, 0 < z1,20 < 1, 1 + 22 < 1 T1(X) =log X1, Ta(X) = log X»
flar,22) = Clar, ag, a3, B)at* 2527 (1 — @y — wy) s~ teflormn)lonm), T5(X) = log(1 — X1 — X3)
a1, ag, ag >0 T4(X) = (log X1)(log X2)

Dirichlet, 0 < 21,20 <1, 1 + 22 < 1

Flon+oa24+a3) 0,1 a1 -1
= 1 - - s
Jlon ) = o ag ey 1 727 o™ T3(X) = log(1 - X1 — X»)
o1, (g, (03 > 0

Pearson Type 11, 2% + 23 <1

-1 T1(X) =log(l — X2 - X2
flerm) = 2212t~ 4", >0 120 = logll = AT = A
o

Tl(X) = IOgXl, T2(X) = lOng

the probabilistic argument of Marshall and Olkin ([31], p. 35), obtained the entropy of the Marshall-
Olkin Bivariate Exponential (MOBE) using one and two dimensional Lebesgue measures via the
partitioning property of (1). The entropies of other distributions shown in Table 3 can be obtained
similarly.

For the ME characterizations of these distribution we use the densities relative to the suitable
measures v for which (1) is well-defined. The joint survival function F(z1,x2) = P(X; > 21, X2 >

x2) of MOBE can be represented as

_ A+ Ao - A2 =
F($17$2): L 2FC($17$2)+¥FS($17$2)7 $17$2207 >\17 )\2>07 A12207

where A = A\ + Ay + A2, Fi(x1,x2) is the absolutely continuous part with density of ACBE shown
in Table 1, and
Fy(z1,9) = e, @1 =29, A=\ + X2+ A2

is a singular part. The singular part reflects the fact that X; = X5 has positive probability, whereas

the line z1 = x5 has two-dimensional Lebesgue measure zero.
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Table 3. Examples of Maximum Entropy Bivariate Distributions with Probability Mass on a Line

ME Distribution and density Information Set

Marshall-Olkin Bivariate Exponential (MOBE), x1,z2 >0 T(X) =X, To(X) = Xo,

A1 ()\2 + )\12)€_>‘111_(>‘2+)‘12)m2 for 29 >x1 >0
T3(X) = max(Xl,Xg),
)\2()\1 + )\12)67(>\1+)\12)x17)\2x2 for 1 > 29 >0

) = T(X) = D(X1 < Xa),

)\126_()\14-)\24-)\12)11 for 1 =x9 >0

/\1,/\2 >0, )\12 >0 T5(X)=D(X1 :Xg)

Cuadras-Augé bivariate distribution, 0 < x1,29 <1

(I—-a)z;® for 0<ay <z <1 T1(X) =log X1, To(Y) = log X,
Folwr, @) = (I—a)xy® for 0<z1<z2<1 T5(X) = log[min(X7, X2)],

ax; ® for 0<z;=25<1 Ty(X) = D(X; = X5)

0<a<l1

Natural Bivariate Exponential, xy,x5 > 0 Ti(X) =Xy, T(X) = Xa,

e~ T1/a for 1 = axs

T3(X) = max (X1, fX2),

)\(1 _ )\)ﬁe—)\wl—(l—k)ﬁﬂw for ars < 1 < 61'2 T4(X) _ max(Xl,an),

fl/('rlv x?) -
(1—=XNe ™ 5o for x1 = B, Ts(X) = D(X, = 3X3),
A= 7o’ a, >0
@ Ts(X) = D(X, = aXs)
Exponential Autoregressive Bivariate distribution, z,,x,+1 >0
(1- p)/\zef)‘(lfp)x"f)‘””"“ for zp41 > pxn, >0 T(X)=X,, To(X)=X,11,
foln, 2ni1) = pre Aon for zp41 = pxn >0 T5(X) = D(Xp41 = pXa)

A>0,0<p<1

N | 1 if zholds
D(z) = { 0 otherwise

Let S. = {(x1,22) : 71 # 22} and Ss = {(z1,22) : 1 = z2}. Then § = S, U S, and the suitable

measure for MOBE distribution is
v(A) = 1 ([ANSp) + va(A), (20)

where 11 and v, are one and two dimensional Lebesgue measures with v1(Ss) = A2/ and v5(S,) =
(A + A2)/); and the subscript p denotes the projection of the set onto the xi-axis. This measure
was used by Bemis et al [8] for maximum likelihood estimation of the MOBE parameters. The

density f,(x1,x2) shown in Table 3 for the MOBE distribution is relative to this measure.
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The MOBE density can be represented in the ME form (8) as:

f:($17$2) — AIZ e—)\lxl—)\gxz—)\lz maX(Z‘l,xz)—)\gD(Z‘l<1‘2)—)\4D(5L‘1:5L‘2)’ (21)

where
1 if 2 holds

D(z) =
0 otherwise.

Thus, MOBE distribution is ME in the class of distributions generated by the five moments shown
in Table 4. Note that E,[Dy(X1 < X2)] = m and E,[Dy(X; > X2)] = m2 where

A
T = I/(Sk) :L f(a:l,xg)du(xl,xg) = Tk7 k= 1,2
k

where S, = {(x1,,22) : o < xp, ¢ # k = 1,2}. Thus, for the representation (21) the MOBE
model parameters are subject the following constraints
A12 B A12
——), M=log|{—7F7"—.
A1(A2 + A12) A2(A1 + Ar2)
That is, the roles of the last two constraints are the parameter restrictions required for the iden-

tification of the three branches of the MOBE distribution. Note that the five constraints for ME

)\3 = log<

characterization of MOBE distribution corresponds to five independent sufficient statistics that

appear in the maximum likelihood equations given in [8]. The last two constraints correspond to

n
ng = ZDk(JEu > x9;), k=1,2.

TlllzelME characterization of the Cuadras-Augé [13] bivariate distribution shown in Table 3 is
obtained using (20) where v1(Ss) = a/(2 — o) and 15(S;) = 2(1 — «)/(2 — «) are the probabilities
for the singular and continuous parts of S, respectively. The joint density shown in Table 3 is with

respect to v. It may be written in the ME form (8) as
fy($1,$2) — (1 - a)e—)\l log z1—X2 loggvg—)\glog[min(gvl,mz)}—)u;D(gvlzmg)7 0< 21,20 <1, 0<a<l.

where A\ = Ay =, A3 = —a and \y = —log(1l/a —1).

The natural bivariate exponential (NBE) distribution shown in Table 3 has two singular parts
on lines x = ay and x = fy. Thus, Ss = {(x1,22) : 1 = axe > 0} U {(x1,22) : 1 = PBxe > 0}
and a continuous part S, = {(z1,x2) : axs < x1 < fre}. The ME characterization is obtained
using a measure similar to (20), however with two one-dimensional Lebesgue components v(A) =
v1([A N Sslp,) + 1([AN Sslp,) + v2(A), where as before vy and v; are one and two dimensional
Lebesgue measures, and the subscripts p, and pg denote the projections of the set onto the lines
r1 = axo and 1 = Pxg, respectively. The joint density of NBE distribution with respect to this
measure is shown in Table 3. It may be written in the ME form (8) as

Folan,w2) = a(l — a)Be 81— Aez2—As max(ey,awz)— X max(e1,022)~As D@1 =az2) - D(w1=0z2)

x1,22 >0, O0<a<f<l,
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where A\1 + A3 = A\, Ao+ /8= (1= NG, A5 = —log(af), A¢ = —log[(1 — a)f], and XA = %.

The exponential autoregressive (EAR) bivariate distribution shown in Table 3 is the distribution
of adjacent terms in the first order autoregressive process X,, = pX,,_1+¢€,, where {€,} is a sequence
of independent and identical exponential variate with survival function F(e) = P(e, > €) = p +
(1—ple™, €>0, A>0,and 0 < p < 1, [24]. Any pair (X,,, X,,11) is stationary with a bivariate
exponential distribution. Gaver and Lewis [24] give the Laplace transform for the joint distribution
of (Xn, Xnt1). The bivariate distribution has a singular part (one dimensional Lebesgue ) on
the support Ss = {(@n, Tpt1) @ Tny1 = px, > 0} with probability p and a continuous part (two
dimensional Lebesgue) on the support S¢ = {(@n, Tnt1) @ Tnt1 > px, > 0} with probability 1 — p.
The measure v(A) therefore is the same as (20) with v; = p and v9 = 1 — p. The bivariate density

shown in Table 3 is relative to this measure. It can be written in ME form (8) as
Jo(@n, Tny1) = (1 — p))\ze_)\lwn_AQZn+l_ASD(%H:[)%), Tpt1 = PTn, A >0, 0 < p <1,

where A1 = (1 — p)A\, A2 = A, and A3 = log[(1/p — 1)A]. Note that the EAR bivariate distribution
with A = 1 can be obtained as a limiting case of NBE as & — 0 and 5 =1/p.

4 Maximum Entropy Transformation

This section shows that ME characterizations of numerous distributions can be obtained by trans-
formation. Unlike the discrimination function (4), the entropy is not invariant under one-to-one
transformations of X.

Let ¢ : RP — RP be one-to-one transformation and let Y = ¢(X). Then the well-known entropy

transformation formula gives

H(Fy)= H(Fx)+ E[T4(Y)], (22)
where -1
T¢(y):10gH¢aTiyi) | ik=1,---.d

is the logarithm of the Jacobian of transformation.

Kapur [29] presents a few examples of distributions that are obtained from ME models by
transformations, without relating the information moments for ME characterizations of F'x and Fy .
From the relationship H(Fy) = H(Fx) + log |A], for the affine transformation Y = AX + b with
a nonsingular A, Auglogiaris and Zografos [7] and Zografos [45] deduced the relationship between
characterizations of Fy and F% for some particular distributions. The next result identifies the
class of distributions in which the distribution of an arbitrary one-to-one transformation of X is
the ME model.
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Lemma 3 (Maximum Entropy Transformation) Let F5 be the ME model in the moment
class of distributions (2) generated by Tx = {1;(X),5 = 1,---,J}. Let ¢ : ¥ — RP be one-
to-one transformation. Then the distribution of Y = ¢(X) is the ME model Fy: in the moment
class of distributions generated by Ty = {Tj[¢p~1(Y)],7 = 1,---,J} UT4(Y). where Ty(Y) is the

set of moments generated by the Jacobian of transformation, provided all the moments in Ty .

This result is seen by noting that

“1¢,,
fily) = f§<[¢‘1(y)]HMH

Oy

= 0S|

[8¢_1 (yl)] ’ e~ MT1[o (@)= Tslo~ ! ()]

= O\ S, T @M )M Ty oY)

)

which is in the form of ME model (8).
The following example illustrates some points regarding implementation of Lemma 3.

Example 4

(a) Consider X = (Xi,X>) having a bivariate normal distribution with density (13). Let y; =
¢(x;) = €, i =1,2. The distribution of Y = (Y7,Y3) is bivariate lognormal with density

1

fr(yi,y2) =
’ 2ro1024/ 1 — p? Y1y2

Xexp{_2(1 ! - {(logylg%)— p)® _ 2p(logy —gfiilogyz —p2) (10gyz§— uz)z} } .
The ME characterization of multivariate lognormal, which is given in Kapur (1988) where the
proof uses the usual calculus of variations technique for ME. The lognormal density fy can
be written in the ME form (8). However, application of Lemma 3 is illuminating. Noting
that ¢~ !(y;) = logy; and the Jacobian of transformation is L, in this case {T4(Y)} C
{T;[p~*(Y)],j = 1,---,5}, so no additional moment is neede(%,lzi/.ze., Ty = {Tj[o7(Y)],j =
1,---,5}

(b) Since u; = E(X;), i = 1,2 are location parameters for the normal distribution, they are not

needed for the ME characterization. The information moment set
Tx = {Ti(X) = X7, Th(X) = X3, T5(X) = X1 X,}

characterizes the centered bivariate normal distribution with p; = 0, ¢ = 1,2. Again let

yi = ¢(x;) = e, i = 1,2. The distribution of Y is “centered” bivariate lognormal with
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Ellog(X;)] = ui =0, i = 1,2. In this case,
Ty = {T¢(Y)}U{T][(Z§_1(Y)],j = 17"'73}
= {logY1,logYs, (log Y1)?, (log ¥2)?, (log Y1) (log Y2) }.

That is, two more moments in addition to the moments for the centered normal are needed.

(¢) Consider X = (X1, X5) having a bivariate Pareto distribution with density shown in Table 1.
1
Let y; = ¢(x;) = e%it!, i =1,2. The Jacobian of transformation is ——, however, in this case
Y1y2
logY;, i = 1,2 is not integrable and the distribution of Y = (Y7,Y3) is not ME; it has density
(15).

Table 4 shows more examples of bivariate distributions fy where the components of Y is
obtained by one-to-one transformations of random variables X whose distributions are presented
in previous. Other than the inverted Dirichlet distribution (also referred to as beta prime), all
examples are component-wise transformations illustrating various issues of interest. The inverted
Dirichlet distribution is an example of vector transformation. Densities of these distributions are
given in an Appendix.

The bivariate Weibull conditionals is obtained by the power transformation of the bivariate
exponential conditional shown in Table 1, which is ME subject to three moment constraints. The
Jacobian is L, and thus T3, (Y") = {log Y1,log Y2} which adds two constraints to 7.

The generalized gamma-gamma mix is related to gamma-gamma mix distribution shown in
Table 1, which is ME subject to four moment constraints. The transformation is the same as the
Weibull conditionals case. However, unlike the Weibull case no additional constraints are needed.
Here, {T(Y)} C {Tjl61(Y)], j=1,--,4}.

The bivariate logistic distribution is obtained by the log transformation of the bivariate Pareto
shown in Table 1, which is ME subject to a single moment constraint. The Jacobian is e¥'e¥%2, and
thus T4(Y) = {Y1, Y2} which adds two mean constraints to 7x. Logistic distribution is presented
in Kapur (1988) as an example of transformation of Dirichlet, without exploring the relationship
between the sets of moment constraints for fx and fy (the support is identified erroneously).

The bivariate Gumbel conditionals distribution is obtained by the log transformation of the
bivariate exponential conditionals shown in Table 1, which is ME subject to three moment con-
straints. The Jacobian is e¥e¥?, and thus Ty(Y') = {Y1,Y2} which adds two mean constraints to
Tx.

The Muliere and Scarsini’s Pareto distribution is obtained by the exponential transformation

1

of the Marshall-Olkin distribution shown in Table 3. The Jacobian is P and thus Ty(Y) =
192

{log Y1,log Y2} which does not add any constraint to 7y, because {T,(Y)} C {T}[¢~1(Y)], j =

1,---,5}.
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Table 4. Examples of Maximum Entropy Bivariate Distributions Obtained by Transformation

ME Distributions Transformation ¢(x) Information Set 7y
— T1 — T2
Bivariate Weibull Conditional, y1,y2 > 0 1/ ny) = Ylﬁ’ Z;Q(Y) =%
Bivariate Exponential Conditional, x1,z2 > 0 Yi =T T(Y) =YY,
P2 = Tu(Y) =logVy, T5(Y) = log Yz
Generalized Gamma-Gamma Mix, y1,y2 >0 o Ym T(Y) =Y, To(Y) = log Y1,
Gamma-Gamma Mix, 1,22 >0 Yi= i T5(Y) =logYa, Tu(Y) = Y1 Y
Logistic, —oo < y1,y2 < 00 os T, (Y) = log (1 +e ™M 4 e*Y2) ,
Pareto, x1,20 >0 Yi = 108 Li hY)=Y, T5(Y)=Y>
_ 1 .
Bivariate Gumbel conditionals, —oo < x1, Ty < 00 e h E}Y,g e,yl’,,?(y) -
Bivariate exponential conditionals, z1,x2 >0 Yo = T 08T Ty(Y) = Vi, T5(Y) _ Y,

Ti(Y) =logV1, To(Y) = logY>
Muliere and Scarsini’s Pareto , yi,y2 > 1 o T3(Y) = max(Y, Y2),
Marshall-Olkin =€ T,(Y) = D(Y; < Yz),

T5(Y) = D(Y1 = Y2)

(Y) =logYi, To(Y) =logYs
Y

Inverted Dirichlet, yi,y2 >0 _ T;
- )=log(1+Y:+Y>)

Dirichlet, 0<z1,20 <1, 21 +25 <1

Note:

. | 1 if z holds
D(z) = { 0 otherwise

The bivariate inverted Dirichlet distribution is related to the Dirichlet distribution shown in Ta-
ble 2, which is ME subject to three moment constraints. In this case, Ti[¢p~*(Y)] = log y1, Ta[¢~ 1 (Y)] =
log ¥, and T3[¢~1(Y)] = log(1 + Y; + Y2). The Jacobian is ! and thus Ty(Y) =
{log(1 + Y7 + Y32)} which adds no additional constraint to 7.

Asadi et al [5] lists more than twenty families of distributions that can be obtained from the

1 +y1 +y2)¥

univariate version of Pareto distribution shown in Table 1. These distributions and their transfor-
mation functions are given in [5]. The ME characterizations of bivariate (multivariate) versions of

these distributions can easily be obtained from the Pareto distribution by Lemma 3.

5 Dependence Information

An important information function is defined when the reference distribution in (4) is the product(s)
of some marginals. The mutual information between two subvectors X, and X has Kullback-
Leibler and entropy representations

M(Xq, X4|S) = K(F:Fx Fx,|S)
(23)
= H(Fx |S.)+ H(Fx,|S) — H(F|S),
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where Fx. and FXb are the marginal distributions of X, and X, and a + b > d. For a + b > d,
(23) gives a measure of conditional dependence between X, and X, given the common components
X = gy For a+ b =d, (23) gives a measure of dependence between X, and X;,. The mutual
information for more than two subvectors are defined similarly. For simplicity, we consider the
bivariate case. The results given in this section extends to higher dimensions when a + b = d.
The mutual information between to random variables is given by
M(X1,X5|S) = K(F:FiF)|S]
(24)
= H(F\|S) + H(F|S2) — H(F|S),

where F' = Fy, x,, Iy = Fx,, and I, = Fy, are the joint and marginal distributions, respectively.
M (X1, X3|S) > 0, where the equality holds if and only if the variables are independent. This is a
widely used measure of dependence in statistics and many other fields (see, e.g, [28, 41]).

Note that by the Kullback-Leibler representation in (24), the mutual information is well-defined
when the joint distribution is absolutely continuous relative to the product F} F5. For example, for
Marshall-Olkin distribution all three entropies in (24) can be computed, but the mutual information
is not well-defined due to the singularity. The product F3F5 has bivariate density relative to two-
dimensional Lebesgue, but the bivariate distribution is not absolutely continuous. In fact, the
entropy representation gives negative values.

It is well-known that M (X, X2) is invariant under one-to-one transformations of each compo-
nent. For example, for the bivariate normal and lognormal, and for the first four pairs of distrib-
utions listed in Table 4, M (Y1,Ys2) = M (X1, X2). The transformation for last pair of distributions
shown in Table 4, inverted Dirichlet and Dirichlet, is not component-wise and it can be shown that
M((Y1,Ys2) # M (X1, Xo).

The MDI model relative to given marginal distributions, minimizes the mutual information and

has density in the form of
Fr(@1,32]8) = C(A, ) fr(@r) fa(wg)e M1 w2) = Aoy (mnra) (25)

For specified marginal distributions, the marginal entropies H(f1) and H(f2) are determined. Then
from the entropy representation in (24) it is clear that minimization of M (X7, X2) is equivalent to
the maximization of the joint entropy H (F).

Dependence in an ME model is induced by the joint moments and/or the support S. Examples
of some distributions where the dependence is only due to the joint moments are bivariate normal
and lognormal and other distributions with rectangular supports shown in Table 1 and Table 3. The
bivariate normal marginals and bivariate exponential on triangle shown in Table 2 are examples of
distributions where the dependence is only due to the support. Other distributions shown in Table

2 are examples where dependence is due to joint moments and support.
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The ME distributions with joint moment constraints are two types in terms of the ME prop-
erties of their marginal distributions. For example, the marginal distributions of bivariate normal,
lognormal, Gamma-Gamma, and Marshall-Olkin’s bivariate exponential are ME models in the uni-
variate classes of distributions defined by the marginal moments in their moment information sets.
The marginal distributions of bivariate ¢, Pareto, bivariate conditional exponential, and absolutely
continuous bivariate exponential are not ME models in the univariate classes of distributions defined
by the marginal moments in their moment information sets.

Let Ty, = {T]*k (Xk), je = 1,---,Jx}, k= 1,2, be the moment information sets that char-
acterize the marginal distributions of F' as the ME model F};. Then the marginal distributions of
F* are ME subject to the marginal moments in 7 if and only if each 7y, , k = 1,2 is congruent to
a subset 7x, € 7, k = 1,2. The next result gives an information characterization of ME nested

models.

Lemma 4 The components of an ME model F™* are independent if and only of T = T¢ UTg and
S =81 X So, where S, k=1,2 does not depend on x4y, £ #k =1,2.

Proof. For the case of J; + Jo = J, without loss of generality, let Tx, = {T;(X), j =1,---Ji}
and Ty, = {T;(X), j =Ji +1,---J}. Then it can be seen from (8) that the ME model factors as

(@1, 22|8) = C(A, S)wi (z1)wa(z2),

where

wi(z) = e~ MTi(@1)==As Ty (21)

wo(wg) = e~ A1l a(@e) ==X T (z2)

Observe that wy(xy) is the univariate version of the kernel of the ME density (8). That is, we must
have C'(\,S) = C1(\, 81)C2(\, S2), and

fi(@g) = Cp(\, S)wg(zr), k=1,2
is the density of the univariate ME distribution subject to the respective moment constraints.

This result confirms the well-known belief that since the ME is maximally noncommittal to
missing information, in the absence of information on the dependence, the ME solution gives
independent components.

When the marginal distributions are not ME subject to the given marginal moments in 7 and

the dependence is only due to a set of joint moments in 7, the marginal distributions are given by

fk(xk) = C()\,S)Wk(a;k)wk(xk), k = 1,2. (26)
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where
Wi(zx) = C(A,S)/ welze)dee, k#0=1,2. 27)
Sy

That is, the marginal distributions are ME subject to a set of additional marginal moments which
are not in 7 of the bivariate ME distributions. The marginal entropies therefore are given by
(9) that includes these additional moments. Because of these additional constraints, the marginal
entropies are lower than the above case.

The support induces dependence when its boundary is a function of z1 and zo. It is well-
known that for a rectangular support (e.g., S = R2, the first quadrant S = @1, the unit square
S = Sq), with sides parallel to the coordinate axes when the boundary does not depend on z; and
x9, the product decomposition implies independence (see, [17]). Note that for such a rectangular
support the dependence is only due to the joint moments and in the absence of a joint moment
M(X1,X5)=0.

The incremental contribution of a subset of moment information set {73(X), j = ¢+1,---,J} C

T to the information content of another subset {7;(X), j=1,---,¢q} C 7 is measured by
K(Fl*J : F;-i-l,---,J’S) = H( ;+1,~~~,J\5) - H(Ff,...,ﬂs); (28)

K(F 1* g F ; 1 7|S8) > 0, where the equality holds when the additional constraints are redundant.

Next result gives mutual information for ME nested and non-nested models.

Lemma 5 Let T and Ty, , k = 1,2 be the information moment sets for the joint and marginal

distributions.

(a) If each 7%, k =1,21s congruent to a subset Tx, C T, k = 1,2, then, the mutual information
(24) is given by the ME difference (28):

M(X1,Xo) = H(FY..,,[S)— H(FT .. 4[5)
= logC(\,8) —log C1(A,S) —1log Ca(N, S) — Aps1bmer — -+ — Ay,

where, without loss of generality, Tx, = {Tj;(X1,X2) = T;(X1), j = 1,---,q} and Tx, =
{E(X17X2) = E(X2)7 J =q+ 17 7m}} with qg<m < J.

(b) If each Tg, , k = 1,2 is not congruent to a subset Tx, C T, k=1,2, then,
M(X1,X2) =1log C(A\,S) — Elog[W1(X1)] — Elog[W2(X2)] + A0, (29)

where Wi,(Xy) is defined in (27), A = (A1, -, A, —1,---,=1), Aj = X\j1 — Ajo is the vector
of the differences between the ME marginal and joint model parameters for the moments 6 =
(917"'79J)-
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Example 5

(a)

The ME model subject to the four marginal constraints shown in (14) for the bivariate nor-
mal distribution of Example 2 is the independent normal model with H (F1*72,374\§R2) =1+
log(2mo102). With the addition of E(X;X5) as the fifth constraint, the marginals are still nor-
mal and H(Ffy 3 4 5|R?) = 1+log(2mo109) + .5log(1— p?), where p is the correlation coefficient.
We have

M(X1,Xo) = K(Fig345: Flo34) = H(F1*72,374|8‘E2) - H(Fl*,2,3,4,5|%2) = —5log(1 — p?).

The ME model subject to the two marginal constraints shown in shown in Table 2 for the
bivariate distribution with normal marginals is not the independent normal model because
the support is a function of zjzs. The mutual information for this distribution is simply
M(X1,Xs5) =log2.

Example 6

Consider the moment information set 7 = {71 (X1, X2) = X1, To(X1, X2) = X}

(a)
(b)

The ME model with S = %2 does not exist.

Let S = Q1 = {(x1,x2) : 1,22 > 0}. Then the ME model is independent bivariate exponential.
The ME mode entropy is

H(Xl,XQ) = H(Fl*,2) =2- log/\’{ — logx\z,

1
where the parameters are determined by the moments E(X}) = SV urp, k=1,2.
k

Consider the moment information set 7 = {7 (X1, X2) = X1, To(X1, X2) = Xo, T5(X1, X3) =
X1Xs2}, and the rectangular support S = ;. Then the ME model is bivariate exponential
conditional (BEC) model shown in Table 1. The marginal distributions of BEC are in the form
of (26) with

Wi (zk) = m, kE=1,2.
The marginal information moment sets 7 = {11, (Xx) = Xy, Tz, (Xi) = log(1 + At Xy), k =
1,2} are not congruent to any subset of 7, so the dependence is not only through F(X;X5). In
this case the ME model entropy is
c@) -1

H(Xl,XQ) = H(Fl*&g) =1- log[)\l)\gC(é)] + S
where the BEC parameters are determined by the marginal and joint moments given by

c(0) -1 1+0—c(6)

E(Xk) = k= 1,2 and E(Xng) =
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The ME entropy difference measure (28) is given by

* * * * )‘1)\2 c(d) —1
K(F{og: Fy) = H(F{y) — H(F{93) =1+log (Xf)\;) + log[e(0)] — ( )5 ; (30)

where A} and A\ are the parameters of the independent exponential model of (b). Thus, (30)
measures the incremental contribution of the joint moment F(X;X5) = pj2 to the independent
exponential. The mutual information measures departure of the BEC model from the product
of its marginals. It is given by

c(6) —1
J

M(X1,X5) = —logle(d)] + C1 + G2 + -1,

where (; = Eflog(Wi(X%)] = Eflog(1 4+ A\ X%)]-

Now let S = Srr = {(z1,22) : 0 < x1 < z2}. From Table 2 we find that the bivariate
exponential on the triangle with a = 0 and 8 = 1 gives Half ACBE on the triangle as the ME

model. The marginal distributions have densities:
fl(:El) = ()\1 + )\2)6_()‘1+)‘2)x1, xr1 >0

A
fa(xe) = /\—?()\1 + )\g)e_AQm2 (1 — e_)‘m) , x> 0.

The ME model parameters are determined by

1 1 1

FX{)=— = E(Xo)= — 4+ ——  — [1o.
(X) A1+ A2 p, and B(Xy) /\2+)\1+>\2 H2

For computing the mutual information we let Y5 = 1 —e~*1%2, Then Y5 has a beta distribution

with density
Fra(y2) = BB+ Dy2(1 — ), 0<y2 <1,

A
where 3 = )\—2 The joint distribution of (X7, Y2) has density
1

Fxvs (21, 42) = B + Ao)e M1 — y9)P 1,

Using the Kullback-Leibler representation in (24) gives

M(X1,X2) = M(X1,Y2) = —log(B+1)+ X\E(X1)— E(log Y2)

= Y(B+1) —log(B+1)+7,
where 9(-) is the digamma function and v = — (1) = .5772--- is Euler’s constant. The last
expression is obtained by noting that E(log Y5) = ¢(2)—¢(8+2) and using ¥(z+1) = ¥(2)+1/=2.
Since there is no joint moment in the information set, M (X7, X3) measures the dependency due

to the support. Note that M (X7, X2) is strictly positive, is an increasing function of 5 > 0, and
0< M(Xl,XQ) <.
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Appendix
Densities of Maximum Entropy Bivariate Distributions of Table 4 are as follows.

Bivariate Weibull Conditionals density

a1—1 as—1

fy(i,y2) = Cloa,az, i1, A, A2, M)yt ys? exp {—(My)™ — (May2)™ — Asyi'ys’}s 1,42 >0

ag, G2, >\17 AQ) >\37 T1, T2 > 0.
Bivariate Generalized Gamma-Gamma Mix density

7172 A?OH /\gzaz 1 1
fy(yi,y2) = Wy?almaz_ Yo exp{—=Ayrt — AFyT've’t, y1,¥2 >0
a1, 09, A1, A2, A3, 71,72 > 0.

Bivariate Gumbel conditionals, —oo < x1, x5 < 00
f(x17x2) — C(a)e—(m-i-xz-i-e*”l+e*”2+ae*”1*x2)7 a>0.

Bivariate logistic density

2¢—W1+y2)
14+ e Y1 4 e~ v2’

fY(y17y2): —00 < Y1, Y < 00.

Muliere and Scarsini’s Pareto survival function

Fyr,y2) = yy My 2 max(yr, y2) ™2, w142 > 1, Ar, A2 >0, Mg > 0.

Bivariate inverted Dirichlet density

I(a1+042+a3) yll 1y22 !
_ > ()
fr(n.w2) L(an)T(a2)T(a3) (1 +y1 + yo)ortoetos’ vz =

a1, ae, a3 > 0.
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