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Abstract

In this paper we present a Bayesian approach for analysis of a pulse train that is corrupted
by noise and missing pulses at unknown locations. The existence of missing pulses at
unknown locations complicates the analysis and model selection process. This type of
hidden missingness in the pulse data is different than the usual missing observations
problem that arise in time-series analysis where standard methodology is available. We
develop Bayesian methodology for dealing with the hidden missingness. Our
development is based on Markov chain Monte Carlo methods and involves both
inference and model selection.

1. Introduction

The problem considered in this paper is motivated by electronic warfare

applications where a receiver tracks pulses emitted by a radar [see for example, Clarkson,

Howard and Mareels (1996)].  The time interval between two pulses emitted by the radar

is defined as a pulse repetition interval (PRI). Many radars are designed so that the

sequence of PRIs varies in an identifiable pattern. The time-series of the PRIs is referred

to as a pulse train. Our objective in this paper is to develop Bayesian methods for
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analysis of pulse trains and for identification of the type of PRI modulation present on an

isolated pulse train. There are many possible types of PRI modulations. In this paper we

consider staggered PRI modulation (several different PRIs in a repeating pattern) and

jittered PRI modulation (random variation in PRI about a mean value).

In many applications due to the complexity of the environment, sensitivity of the

receiver may be reduced and this results in missing pulses in the observed data. As

pointed out by Clarkson, Howard and Mareels (1996), for certain types of receivers this

is a very common problem and there exists very little work on estimation of the period of

such pulse trains. The presence of missing pulses complicates the analysis and

identification of the PRI modulation type because the location of missing pulses is

unknown. This type of  in the pulse data is hidden missingness different than the usual

missing observations problems that arise in statistics [see for example, Little and Rubin

(1987)] or more specifically in time-series analysis [see for example, West and Harrison

(1997)] where methodologies are available. Thus, there is a need for development of new

methodology for dealing with the hidden missingness. Since it is never known whether a

pulse (or a number of pulses) has been missed by the receiver in an interval, the

methodology  should be able to infer about missing pulses based on the observed data.

In this paper, a formal Bayesian approach is presented to describe hidden

missingness in pulse trains with two PRI modulation types. More specifically the stagger

and jitter modulation types are considered and their Bayesian analyses are developed

with hidden missingness using Markov chain Monte Carlo methods. Bayesian model

selection methods also are developed to identify the appropriate PRI modulation type

based on an observed pulse train subjected to hidden missingness.

Bayesian analysis of pulse trains with jitter type PRI modulation with hidden

missingness presents a structure similar to the  which werehidden Markov models

considered by a host of authors such as Robert, Celeux and Diebolt (1993) for analyzing

mixture models and by Chib (1996) for analyzing change-points in time-series models.
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The hidden Markov type models have been used also in signal processing literature by

Doucet and Duvaut (1997) where authors considered two-component mixtures. None of

these earlier applications of hidden Markov models have considered the issue of hidden

missingness. The Bayesian analysis developed here for stagger type PRI modulation with

hidden missingness represents a contribution to the Bayesian spectral time-series

literature. Previous Bayesian developments in spectral time-series analysis like Bretthorst

(1988) and West (1995) have not dealt with the hidden missingness issue. Furthermore, a

Bayesian model selection approach is presented for time-series with hidden missingness

based on marginal likelihoods as discussed in Kass and Raftery (1995) and Chib (1995).

For the stagger and jitter type PRI modulation, the marginal likelihoods under hidden

missingness are computed using approximations suggested by Chib (1995). ofAdoption 

such methods to time-series with hidden missingness and their implementation, to the

best of our knowledge, are new. Thus, the novelty of our work is in the new application

as well as the adoption of the Markov chain Monte Carlo methods and the Bayesian

model selection approach of Chib (1995) to this application.

A synopsis of our paper is as follows: in Section 2 we present the notation and

preliminaries and discuss the hidden missingness for the two PRI modulation types. In so

doing, we also present a Markov chain model to describe the missingness structure. In

Section 3, we develop the Bayesian inference for the models using Markov chain Monte

Carlo methods, more specifically using a Gibbs sampler. The Bayesian model selection

approach is discussed in Section 4 and an illustration of  the developed methodology

using simulated data is presented in Section 5.  Conclusions and directions for future

research are given in Section 6.
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2. PRI Modulations and Modeling Hidden Missingness

2.1 Notation and Preliminaries

The data available for the analysis consists of a batch of observed PRI values. The

pulse train of say, , observed PRIs are obtained by taking the difference between8

consecutive measured pulse time of arrivals (TOAs). Let , denote theÖ ßá ß ×7 7 7! " 8

observed TOA sequence and denote the corresponding observed PRIÖD ßá ß D ×" 8

sequence such that  for . Both the TOA values and theD œ  3 œ "ßá ß 83 3 3"7 7

observed PRI values are affected by missing pulses and noise.

Since there are missing pulses, to distinguish between the PRI values transmitted

by the radar and the values observed by the receiver, we denote the transmitted PRI

values by the sequence  for  and , ,  where  is theÖC ×ß 3 œ "ßá ß 8 4 œ ! á 7 75 4 3 33

number of missing pulses between the and  observed pulses. In ,Ð3  "Ñ=> 3>2 ÖC ×5 43

Ð5  4Ñ 33  denotes the transmitted pulse index whereas  denotes the observed pulse index

such that  with equality holding only for the case of no missing observationsÐ5  4Ñ   33

in the pulse train. Also, note that  . Similarly, the TOA sequence associated with5   88

the transmitted pulses will be denoted by , , , , and , , , whereÖ> × 3 œ " á 8 4 œ ! á 75 4 33

C œ >  >5 4 5 4 5 4"3 3 3
. If there are no missing pulses in a given interval, the observed

PRI value of the interval will be equivalent to the corresponding PRI value from the

transmitted pulse train, that is, D œ C Þ3 53

If a pulse is missing in an interval from the incoming data stream, the next

observed PRI value represents the sum of two consecutive PRI values in the transmitted

sequence rather than a single PRI value. Similarly, if two consecutive pulses are missing

from the incoming data stream, the following observed PRI value represents the sum of

three consecutive PRI values. In many applications the value of  is small, typically 173

or 2. In general when missing pulses corrupt the data set, the observed  PRIs are
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expressed as:

D œ C3 5 4

4œ!

7"3

3
 . (1)

A sum of two or more transmitted PRI values will be referred to as .  Foraggregate data

example, in Figure 1, the transmitted sequence consists of , , , , . The observedÖC C C C C ×" # $ % &

sequence has a missing pulse in the third interval and as a result the observed sequence is

obtained as , ,  and .D œ C D œ C D œ C  C D œ C" " # # $ $ % % &

Although pulse width is a parameter that is commonly measured along with PRI,

in our application only PRI is available. Therefore, pulse width is not used in the model

and in the following development. Our only assumption about pulse width is that it is less

than the PRI. More specifically, TOAs are measured at the leading edge of each pulse

and PRI is defined as the time difference between adjacent TOAs.

In the observed data , , , each data point may represent either a single PRIÖD á D ×" 8

value or an aggregate PRI value. The number of PRI values included in a data point will

be referred to as its state. The states are unobservable  associated withlatent variables

each data point. We denote the states by , , . Since there are  missing pulses inÖ= á = × 7" 8 3

the  observed pulse interval, for data point ,  State implies that3>2 3 = œ 7  "Þ = œ "3 3 3

the  data point represents a single PRI value, that is, there is no missing pulse in the3>2

3>2 = œ 3>2 interval. The state 2 implies that the  data point represents the sum of two3

consecutive PRI values from the transmitted pulse sequence. It follows from the above

that transmitted pulse index for the observation is . For example, in Figure3>2 5 œ =3 4
4œ"

3!
1,  and  implying that 1, , , and .= œ = œ = œ " = œ # 5 œ 5 œ # 5 œ % 5 œ &" # % $ " # $ %

We note that when the receiver observes a sequence of  PRIs that are corrupted8

by missing pulses, the actual transmitted sequence will consist of   PRI values, where!
3œ"

8

3=

8 Ÿ = .!
3œ"

8

3
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Figure 1.  Effect of a single missing pulse on the observed data.

2.2  PRI Modulations and Hidden Missingness

In our development, we consider two types of PRI modulation: staggered PRI

modulation and jittered PRI modulation where the latter is a special case of the former.

Under the staggered PRI modulation, it is assumed that the transmitted PRIs form a

discrete time-series generated by a periodic function which can be represented by a finite

number of  harmonics. Specifically, if a discrete time series has period , it can be:

described as

+  + -9=Ð# 5Ñ  , =38Ð# 5Ñ
3 3

: :
! 3 3

3œ"

;" 1 1 (2)

where , ,  is the time index, 's and 's are the unknown coefficients and5 œ " # á + ,3 3

; œ
:Î# :
Ð:  "ÑÎ# : Þœ          for even

   for  odd

In (2) the first harmonic has frequency  and completes its cycle in  time periods.  If "Î: : :

is even, at most  harmonics are required to represent the time series because the:Î#



7

period corresponding to the  harmonic is  which is the shortest possible cycleÐ:Î#Ñ >2 #

length. If  is odd, at most  harmonics are needed.: Ð:  "ÑÎ#

Thus, a staggered PRI sequence that is subjected to noise can be represented as

C œ +  + -9=Ð# 5Ñ  , =38Ð# 5Ñ  A
3 3

: :
5 ! 3 3 5

3œ"

;" 1 1 , (3)

where 's are uncorrelated noise terms which are normally distributed with mean  andA !5

unknown variance  and the last sine term reduces to zero when  is even. In what5A
# :

follows, we will refer to (3) as the stagger model. The jittered PRI modulation is a special

case of (3) where the transmitted PRIs randomly vary around a constant mean, that is,

C œ +  A5 ! 5 . (4)

We will refer to (4) as the jitter model.

For an observed PRI sequence , , , corrupted with missing pulses, if theÖD á D ×" 8

sequence of states , ,  are known for all , , , then using 1 inÖ= á = × 3 œ " á 8 7 œ = " 8 3 3

(1), the time-series of the observed PRIs can be aggregated as . ForD œ C3 5 4
4œ!

= "!3
3

example, in the jitter model, (4) reduces to

D œ Ð+  A Ñ œ = +  ?3 ! 5 4 3 ! 3

4œ!

= ""3
3

 , (5)

where  . Note that 's do not share any common jitter noise terms and thus? œ A ?3 5 4 3
4œ!

= "!3
3

they are independent Gaussian terms with mean 0 and variance . Similarly, for the=3
#
A5

stagger model with period , using (3) we can write:

D œ +  + -9= # Ð5  4Ñ  , =38 # Ð5  4Ñ  ?
6 6

: :
3 ! 6 3 6 3 3

4œ!

= "

6œ"

;" "’ Š ‹ Š ‹“3

1 1 , (6)

where the jitter model is obtained as the special case with ; œ !Þ

Thus, given the latent sequence , , , under the stagger model, theÖ= á = ×" 8

observed PRIs can be written as a linear model  in matrix notation as

D \ ?œ ) , (7)
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where D ?  is an  vector of the observed PRIs corrupted with missing pulses, is the8 ‚ "

8 ‚ " : ‚ "  vector of  independent Gaussian noise terms, is a  vector of unknown) 

parameters, that is,  and is the  design (regression) matrix)w œ Ð+ + , á+ , Ñ! " " ; ;  \ 8 ‚ :

that consists of the sine-cosine terms of (6),  given by

\ œ

= -9= # Ð5  4Ñ =38 # Ð5  4Ñ â -9= # Ð5  4Ñ =38 # Ð5  4ÑÔ ×Ö ÙÖ ÙÖ ÙÖ ÙÖ ÙÖ ÙÖ ÙÖ ÙÖ ÙÖ ÙÖ ÙÖ ÙÖ ÙÖ Ù
Õ Ø

! ! ! !Š ‹ Š ‹ Š ‹ Š" " " " "
4œ! 4œ! 4œ! 4œ!

= " = " = " = "
" "
: : : :

; ;
" " " "

1 1 1 1 ‹
! ! ! !Š ‹ Š ‹ Š ‹ Š ‹

! Š

= -9= # Ð5  4Ñ =38 # Ð5  4Ñ â -9= # Ð5  4Ñ =38 # Ð5  4Ñ

ã ã ã ã ã
ã ã ã á ã ã

= -9= # Ð5

# # # # #
4œ! 4œ! 4œ! 4œ!

= " = " = " = "
" "
: : : :

; ;

8 8
4œ!

= "
"
:

# # # #

8

1 1 1 1

1  4Ñ =38 # Ð5  4Ñ á -9= # Ð5  4Ñ =38 # Ð5  4Ñ‹ Š ‹ Š ‹ Š ‹! ! !
4œ! 4œ! 4œ!

= " = " = "
"
: : :8 8 8

; ;
8 8 8

1 1 1

(8)
where the case of no missing pulses can be obtained by setting  for all , , .= œ " 3 œ " á 83

Note that hus, the elements of the design matrix are functions of the latent5 œ =3 4
4œ"

3!  and t

variables. In the case of the jitter model the matrix reduces to one column.

In both the stagger and the jitter models where the PRIs are corrupted by missing

pulses, the aggregate data can be constructed given the latent sequence , ,Ö= × 3 œ " á8Þ3

As a result, all predictions for future PRIs will be conditional on the latent variables

describing the missingness structure. Thus, describing the probabilistic structure of the

latent sequence is essential for modeling and forecasting of the PRIs. One strategy to

model  is to assume that this categorical time series is independent over time, but thisÖ= ×3

is rather restrictive for modeling purposes since it ignores any possible correlation in the

= Ö= ×3 3's over time. A more flexible and a reasonable modeling strategy for  is to assume

that the latent sequence evolves according to a first-order Markov chain, with transition

matrix , that is,T

:Ð= l= = áÑ œ :Ð= l= Ñ3 3" 3# 3 3", , , (9)
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where , , ,2, , , is the transition probability matrix of theT œ Ö: × 5 4 œ " á Q  "54

Markov chain, that is,   We assume that the Markov chain is: œ T<Ð= œ 4l= œ 5ÑÞ54 3 3"

time-homogeneous. Note that in our setup  represents the upper bound for the numberQ

of missing pulses in an interval. As previously noted  is a small number for typicalQ

applications and thus the dimension of the transition matrix will not be high. We note that

a higher-order Markov model can also be specified in (9) and the development presented

in Sections 3 and 4 can be modified accordingly.

If the observed PRIs follow the stagger model of (6) with the Markov chain

structure on the latent sequence , we can writeÖ= ×3

:ÐD l :ÐD l3 3) ), ,5 5# #
A A3" 3" 3 3 3"

6œ"

Q"

, , ,W WÑ œ = œ 6Ñ:Ð= œ 6l= Ñ" , (10)

where , ,  and W W3" 3" 3
#
Aœ Ð= á = Ñ ÐD l" 3" 3 ),5 , ,  follows the normal model given by= œ 6Ñ

(7). This type of model where the latent sequence is described by a Markov chain is

referred to as a  model. Examples of such models can be found inhidden Markov

engineering, econometrics and statistics literature. For example, hidden Markov models

have been used in engineering literature for speech recognition [Rabiner and Juang

(1985)], in econometrics for modeling change points of a time-series [Chib (1996)] and

in statistics for analysis of mixture models [ ].Robert, Celeux and Diebolt (1993)

3. Bayesian Analysis

For the stagger model with period , the observed PRIs are given by (6). The:

Bayesian approach requires that we specify our uncertainty about the unknown

coefficient vector and the unknown variance  in the linear model setup (7) by a prior) 5#
A

probability distribution. Under the normality of 's, which are uncorrelated noise terms?3

with zero mean and variance , a conjugate prior for (7) is given by the =3
#
A5 normal-
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gamma distribution

) )l9 a 9µ Ð Î Ñl7 Z, , (11a)

9 Z 9µ Ð l .Î# -Î#Ñ, . (11b)

In (11) is the unknown precision of 's, 9 5œ "Î ?#
A 3 7 is a  specified mean vector: ‚ "

and is a specified variance-covariance matrix of and  and are specified priorZ    ) . -

parameters for the distribution of . The joint distribution of and  which is obtained as9 9) 

the product of the (11a) and (11b) is known as the normal-gamma distribution and

implies that the marginal prior of is a multivariate student-t density with degrees of) 

freedom mean vector and scale matrix . It is assumed that apriori Ð.  : ÐÑ Ñ, ,7 Z -
. ) 9

are independent of the latent variables 's.=3

For the observed PRI sequence , given ,  and the latentDw œ ÐD áD Ñ Ñ" 8 Ð) 9

variables W8 œ Ð= á = Ñ" 8, , , the distribution of  will be a multivariate normal densityD

given by

Ð l Î ÑD Dl) ), , , , (12)9 9W \ Y8Ñ µ Ða

where is given by (8) and\ 

Y œ

Ô ×Ö ÙÖ Ù
Õ Ø
= ! ââ !
! = ! !
ã ä ã
! ! ! =

"

#

8

,

implying that 's have different variances. Given the latent sequenceD3   W8, the Bayesian

analysis of the model can be made using conjugate analysis to obtain the posterior

distribution , . Since  is not observed, the Bayesian analysis requires the:Ð Ñ),9lW W8 8D

joint posterior distribution  given by:Ð l Ñ), ,9 W8 D

:Ð l Ñ º : Ñ :Ð) ) ), , , , ,  9 9 9W W W8 8 8D DÐ Ñ :Ð Ñl (13)
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due to the prior independence of  . Since  follows a Markov chain withÐ),  and 9Ñ W W8 8

unknown transition matrix the joint posterior distribution required for the BayesianT , 

analysis is

:Ð l Ñ º : Ñ :Ð l) ) ), , , , ,  ,9 9 9W T W W T T8 8 8, (14)D DÐ Ñ :Ð Ñ :Ð Ñl

where :Ð ÑT T is the prior distribution for the transition matrix  of the Markov chain. It is

assumed that , the  row of  follows a Dirichlet distributionT T3    3>2

:Ð Ñ º : 3 œ " á Q  "T3

4œ"

Q"
"

34
$ !34  , , , (15)

with parameters  denoted as  , ,  Also, 's are assumed to! W !34 3 34 3T Tµ Ð à 4 œ " á Q  "ÑÞ

be independent for all  and furthermore  is assumed to be independent of , .3 ÑT Ð) 9

Under any choice of prior distributions, the joint posterior distribution

:Ð l Ñ), ,9 W T8,  in (14) can not be evaluated analytically. Such evaluation is alsoD

computationally infeasible due to the presence of latent sequence . Each latent variableW8

= Q  " ÐQ  "Ñ3
8 may belong to one of the categories implying that there are  possible

latent sequences for  observed pulses. Thus, in what follows, a Markov chain Monte8

Carlo approach or more specifically a Gibbs sampler will be presented to generate

samples from the joint posterior distribution (14). The attractive feature of the Gibbs

sampler is that it enables the generation of samples from the posterior distributions

without having to obtain the exact distributional forms. This is achieved by successive

drawings from the  of  For a morefull conditional distributions ), , 9 W T8 and  given D. 

detailed discussion of the Gibbs sampler and other related Monte Carlo methods, see

Gelfand and Smith (1990).

In the stagger model, the implementation of the Gibbs sampler requires the full

conditional distributions :Ð Ñ :Ð Ñ :Ð l Ñ) ) )l l9 9 9, , , ,W T W T T W8 8 8, , , , , , , andD D D,

:Ð= l Ñ 3 œ " á 8 œ3 ),9,W T W3 3, ,  for , , , where D Ö= l 4 Á 3 4 œ " # ÞÞÞ 8×4 , , , ., .
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3.1 Full Conditional Distributions of and W T8 

From (14) it can be seen that, given W8, D does not depend on the transition

matrix T T W. Thus, learning about  is through the updating of   based on observed data8

D D. This implies that the full conditional distribution of , T T W T  , is , :Ð l Ñ œ :Ð l) 9 8

W W8 8Ñ. Furthermore,  given  the full conditional distributions of  )  and  are not9

dependent on , that is, , , ,T W T W W T:Ð Ñ œ :Ð Ñ :Ð Ñ œ :Ð) ) )l l l l9 9 9 98 8 8, , ,  and , ,D D D

),W8, .DÑ

The latent sequence  follows a Markov chain with a state space of dimensionW8

Q  " Q, where  is the maximum possible number of missing pulses in an interval.  We

can write down the full conditional distribution of  as=3

:Ð= l Ñ º :Ð :Ð= l Ñ3 3) ) ), , ,9 9 9, ,  ,W T W T W T3 3 3, ,  , , . (16)D Dl=3, Ñ

As pointed out above the first term on the right hand side of the (16) does not depend on

the transition matrix , that is, , , . Furthermore, dueT W T W:Ð :ÐD Dl= l=3 3, ,) ), ,9 93 3, Ñ œ Ñ

to the conditional independence of 's given , , and we can writeD =3 3
3), , 9 W

:Ð :ÐDDl= l=3 3, ,) ), ,9 9, , .W W3 3

4œ"

8

Ñ œ Ñ$ 4

It follows from (6) that in the above , ,  where:ÐD :ÐD4 4l= l3,) ), ,9 9W W3
4Ñ œ Ñ

W œ4 " # 4 4Ð= = á = Ñ 4  3 D, , , . Thus, for  observed 's do not provide any information about

= =3 3 and the full conditional distribution of  reduces to

:Ð= l Ñ º :ÐD :Ð= l Ñ3 4 3) ) ), , ,9 9 9, ,  ,W T W W T3 3

4œ3

8

4, ,  , (17)D $ l Ñ Þ

Due to the prior independence of  , and 's, the second term on the right-hand sideÐ Ñ =),9 3

of (17) can be written as ,:Ð= l Ñ œ :Ð= l Ñ3 3),9 W T W T3 3, ,  which yields

:Ð= l Ñ º :ÐD :Ð= l Ñ3 4 3) ), ,9 9, ,  W T W W T3 3

4œ3

8

4, ,  , (18)D $ l Ñ Þ
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Note that  ,   is proportional to  which can be obtained as:Ð= l Ñ :Ð Ñ3 W T W T3
8|

:Ð Ñ œ :Ð= = á= Ñ œ :Ð= Ñ :Ð= l= Ñââ:Ð= l= ÑW T T T T T8 8 " 8"| | | , ," # " # 8, ,

using the Markov property. Thus, for # Ÿ 3 Ÿ 8  "

 , (19):Ð= l Ñ º :Ð= l= Ñ :Ð= l= Ñ3 3 3"W T T T3
3" 3, ,

and (18) reduces to

:Ð= l Ñ º :Ð= l= Ñ :Ð= l= Ñ :ÐD3 3 3" 4) ), ,9 9, , , ,W T T T W3
3" 3 4

4œ3

8

, ,  (20)D $ l ÑÞ

In (20) the terms :ÐD4l),9,  in the product are normal densities as implied by (6).W4Ñ

Since 's are discrete random variables (20) can be easily normalized by summing over=3

all possible values of . Similar forms can also be obtained for the special cases of = 3 œ "3

and .3 œ 8

For example, if , then the full conditional distribution of  is given by8 œ % =#

 ,  :Ð= l Ñ º :Ð= l= Ñ :Ð= l= Ñ :ÐD# # $ #) ), ,9 9, , , , , , , ,= = = = = Ñ" $ % " # " #T T TD l

   ‚ :ÐD :ÐD$ %l l) ), ,9 9, , , , , , , .= = = Ñ = = = = Ñ" # $ " # $ %

For the case of the jitter model where  is a scalar, the full conditional of  ) œ + =! 3

reduces to

:Ð= l+ Ñ º :Ð= l= Ñ :Ð= l= Ñ :ÐD +3 ! 3 3" 3 !, ,9 9, , , , ,W T T T3
3" 3 3, ,  (21)D l = Ñ

where :ÐD +3 !l ,9 9,  is a normal density with mean  and variance  as implied by= Ñ = + = Î3 3 ! 3

(5). Unlike the stagger model, in this case full conditional of =3 depends only on the

neighboring latent variables  and . This is due to the fact that in the jitter model= =3" 3"

only the current observation  gives information on  as shown by the likelihood termD =3 3

:ÐD +3 !l ,9,  in (21).= Ñ3

As previously pointed out, the full conditional distribution of  the transition

matrix is dependent only on ,   Given theT W T W T W , 8 8 8, that is, , .:Ð l Ñ œ :Ð l Ñ) 9 D
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independent Dirichlet priors on each row , , , the fullT3 34µ Ð à 4 œ " á Q  "ÑW !

conditional distribution of each row can be obtained as a Dirichlet of the form

Ð Ð  à 4 œ " á Q  "ÑT W3 34

5œ"

8

l Ñ µ "Ð= œ 4 = œ 3Ñ , , , (22)8 5" 5W ! " ,

where •  is an indicator function and given the 's, , , are also"Ð Ñ 3 œ " áQ  "W T8, 3

independent.

3.2 Full Conditional Distributions of  and ) 9

As pointed out in the above, the full conditional distributions of and  do not)  9

depend on  , ,T W W W given . Thus, we need ,  and , . It can be shown8 8 8:Ð Ñ :Ð Ñ) )l l9 9D D

that the full conditional of  is) 

Ð Ñ µ Ð Î Ñ) )l l9,W 7 Z8, , , (23)D a 9‡ ‡

where  and are given in the appendix. 7 Z‡ ‡ Note that the results given in the appendix

are similar to the Bayesian analysis presented by Gelman et. al. (1995, pp. 255) for

regression models with unequal variances or with .heteroskedasticity

The full conditional distribution of ,  ,9 9:Ð Ñl ) W8,  is given byD

:Ð Ñ º : Ñ :Ð : Ñ :Ð :Ð9 9 9 9 9 9l Ð l Ñ º Ð l Ñ Ñ) ) ) ) ), , , , , .W W W8 8 8, (24)D D Dl l

Using standard conjugate analysis, it can be shown that the full conditional distribution is

a gamma density, that is,  ,  and  are given inÐ Ñ µ Ð l Ñ9l ), whereW8
‡ ‡ ‡ ‡D Z 9 . Î# - Î# . -, , 

the appendix.

4. Model Comparison

In Bayesian paradigm, model comparison selection is typically based on BayesÎ

factors which are obtained as the ratio of marginal likelihoods under two competing

models; see Kass and Raftery (1995) for a comprehensive review. For example, if we



15

have two altenative models associated with two different periods in the stagger model,

then the Bayes factor is obtained as the ratio of marginal likelihood  to  where: Ð Ñ : Ð Ñ" #D D

: Ð Ñ 3 : Ð Ñ3 3D D is the marginal likelihood under model . In many problems  is not available

in an analytical form and its evaluation using posterior Monte Carlo samples is not a

trivial task. Thus, various alternatives to marginal likelihoods have been suggested in the

literature for model selection using Monte Carlo samples; see Gelfand (1996) for a recent

review.

However, in certain problems where a Gibbs sampler is used and all the full

conditional distributions are known, it is possible to approximate the marginal likelihoods

from the posterior samples using the approach introduced by Chib (1995). We note that

there are other model selection approaches such as the one presented in Green (1995).

This approach which is based on reversible jump Markov chain Monte Carlo methods

provides posterior probabilities of the candidate model. Another approach that provides

posterior model probabilities using Markov chain Monte Carlo is presented in Carlin and

Chib (1995).  A comprehensive review of  these and other approaches is given in Han

and Carlin (2001).

As discussed in Section 3, in Bayesian analyses of the stagger and jitter models

with hidden missingness all the full conditionals are known. Thus, in what follows the

approach proposed by Chib (1995) will be adopted to our problem. Chib's approach is

based on two ideas. First, the marginal likelihood for a particular model is expressed as

:Ð Ñ œ
:Ð Ñ:Ð Ñ

:Ð
D

D

D

|@ @

@| )
, (25)

where  is a vector of parameters. Secondly, as pointed out by Chib the above holds for@

any value of , say , and the value of posterior density | ) can be estimated by@ @ @‡ ‡:Ð D

:Ð :Ð Ñ :Ð Ñs @ @ @‡ ‡ ‡| ) using Monte Carlo samples. Since  and  can be evaluated at ,D D|@‡

the log marginal likelihood can be estimated as
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68 :Ð Ñ œ 68 :Ð Ñ  68 :Ð Ñ  :Ðs sD D D|@‡   | ). (26)@ @‡ ‡

In evaluating (26), the only term which is not readily available is | ), but as shown:Ðs @‡ D

in Chib (1995) this can be obtained using the outputs from the Gibbs sampler.

In our case  consists of ,@ Ð), ,9 W T8 Ñ and using independence assumptions we

can write the marginal likelihood as

:Ð Ñ œ
: Ñ :Ð l

:Ð l Ñ
D

D

D

Ð Ñ:Ð Ñ :Ð Ñ :Ð Ñl) )

)

, ,  
, ,

9 9 9

9

W l W T T

W T
8 8

8,
 . (27)

All the terms in the numerator of (27) can be evaluated at .Ð Ð) ), , , ,9 9W T W T8 8, ,Ñ œ Ñ‡ ‡ ‡ ‡

We note that (27) holds for any value of  , but, as pointed out in Chib (1995),Ð), ,9 W T8, Ñ

(27) can be more accurately approximated by evaluating it at a high density point. Thus,

the posterior modes, that can be easily approximated from the Gibbs output, will be used

in .Ð)‡ ‡ ‡ ‡, ,9 W T8, Ñ

To approximate :Ð Ñ :Ð l ÑD D we need to obtain ,  which is not)‡ ‡ ‡ ‡, ,9 W T8

immediately available. Using multiplication rule and the conditional independence of Ð),

9 9Ñ with transition matrix given , ,T W W T 8 8, ,  is given by:Ð l Ñ)‡ ‡ ‡ ‡ D

:Ð l Ñ œ :Ð l Ñ :Ð l Ñ:Ð Ñ :Ð Ñ) )‡ ‡ ‡ ‡ ‡ ‡ ‡ ‡ ‡ ‡ ‡ ‡, ,  ,9 9 9W T W T W W W8 8 8 8 8, , , , (28)D D D Dl l

where the term  is the product of independent Dirichlet densities of (22) and:Ð l ÑT W‡ ‡ 8

:Ð Ñ) )‡ ‡ ‡l W9 , 8,  is the full conditional of given by (23). The third term on the right handD  

side  of  (28), , , can be obtained as:Ð Ñ9‡ ‡lW8 D

:Ð Ñ œ :Ð Ñ :Ð Ñ .9 9‡ ‡ ‡ ‡ ‡l l lW W W Þ8 8 8, , , (29)D D D( ) ) ),

Note that the posterior samples obtained using the Gibbs sampler are from the posterior

density  and not from , . However, as suggested in Chib (1995), if we:Ð Ñ :Ð Ñ) )l lD DW‡
8

continue to sample for additional  iterations using conditional densities ,K :Ð Ñw
89l ),W‡ D

and , , then we can obtain a Monte Carlo estimate as:Ð Ñ)l9,W‡
8 D
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:Ð Ñ ¸ :Ð Ñ
"

K
9 9‡ ‡ ‡ Ð1Ñ ‡l lW W8 8w

1œ"

K

, , (30)D D"w

) ,

where are samples from , . In our particular case this step can be avoided) )Ð1Ñ ‡ :Ð Ñl9,W8 D

by updating , , since ,  follows a) ) ) and  as a block to obtain , ,9 9 9:Ð Ñ Ð Ñl lW W8 8D D

normal-gamma density. Thus, the only term we need to evaluate is .:Ð l ÑW‡
8 D

Note that using the multiplication rule we can write

:Ð l Ñ œ :Ð= l Ñ :Ð= l= Ñââ:Ð= l Ñââ:Ð= l ÑW W W‡
8 " # " 3 3" 8 8"

‡ ‡ ‡ ‡ ‡ ‡ ‡D D D D D, , , , (31)

where the first term  can be estimated from the draws available from the Gibbs:Ð= l Ñ‡
" D

sampler as

:Ð= l Ñ ¸ :Ð= Ñ
"

K
‡
" "

1œ"

K

D D" ‡ Ð1Ñ Ð1Ñ 3 Ð1Ñ Ð1Ñl Ð Ñ) , ,9 W T, , . (32)

Evaluation of the remaining densities requires additional sampling. For a general term

:Ð= l Ñ‡ ‡
3 3"W , which is given byD

:Ð= l Ñ œ :Ð= Ñ‡ ‡ ‡
3 3" 3 3"63W W T W, , , ,D D( l ), ,9 ‡

    , , , (33):Ð Ñ . .) ), ,9 9W T W W T63 633"l . .‡ D

where , we need to continue sampling from full conditionals ofW63 6œ Ö= à 6  3×

Ð Ñ), , , given 9 = Ñ Ð3
‡W T W63 3", , . In other words, additional sampling will use the fullD

conditional distributions:

 , , , ,:Ð l l) )9 9= Ñ3 63 63 633" 3" 3", , , , , , , andW W T W W W T W‡ ‡ ‡D DÑ :Ð Ñ :Ð= l, ,=3, 3

 :Ð= l4 ), , ,9 = Ñ 4 œ 3  " á 8Þ3 63 3", , , , , ,W T W4 ‡ D

Then (33) can be approximated as

:Ð= l Ñ ¸ :Ð= Ñ Ñ
"

K
‡ ‡ ‡
3 3" 3 3"w

1œ"

K

63W W T W, , , , , (34)D D"w

l Ð)Ð1Ñ Ð1Ñ Ð1Ñ Ð1Ñ ‡, ,9
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where , , , . ThisÐ :Ð Ñ) )Ð1Ñ Ð1Ñ 3 Ð1Ñ Ð1Ñ ‡, ,  represents samples from , ,9 9Ð Ñ Ñ lW T W T W63 3" D

completes all the terms needed to compute (28) and to approximate the marginal

likelihood (27).

We note that for each given model, which may represent a specific period  in:

(6), the marginal likelihood (27) can be approximated and these are compared to find the

model which is most supported by the data.

5.  Example Using Simulated Data

Even though the problem and methodology presented in previous sections are

motivated by a real application, there is no available published real data. Thus, we will

illustrate the implementation of the Bayesian methodologies of Sections 3 and 4 using

simulated data sets.

To illustrate the performance of the model comparison approach of Section 4 we

consider different values of the noise variance  in the stagger model given by5 9A
# œ "Î

(3). The simulated data set consists of a period-3 staggered PRI sequence with stagger

elements 200, 300, 500 contaminated with noise.  The actual values of the coefficients in

(3) for this data are 333.33, 133.33, and 115.47. There are eight+ œ + œ  , œ! " "

missing TOA values in the sequence resulting in aggregate data points at indices 12, 18,

45, 54, 65, 71, and 80. The aggregate data point at index 45 is composed of three PRI

values and thus represents two missing pulses. All the other aggregate data points are

composed of two PRI values and thus, are associated with a single missing pulse. Each

data set consists of 90 observed PRI's implying that the actual number of transmitted

PRIs is 98.

In Figure 2 we illustrate a simulated data set with noise standard deviation

5A œ 25. We note that because of the wide variation in PRI values in the sequence, some

of these aggregate data points cannot be identified by magnitude. For example, the
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aggregate data points at indices 18, 54, and 65 can not be identified based on the PRI

value at those indices.
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Figure 2.  Stagger-3 data set with seven aggregate data points.

We have analyzed the data using four different candidate models: jitter model and

stagger with periods 3, 5, and 6. In analyzing the data, in all cases, we have used

noninformative priors for the coefficient vector ) and noise precision . For the prior of9

), in (11a) we have specified as zero vector and as a diagonal matrix with  diagonal7 Z  

components are all equal to .  For prior of , in (11b) we have specified  " ‚ "! . œ"3 9

- œ " ‚ "! Þ'

In the analysis the maximum number of missing observations in an interval was

assumed to be  implying a  Markov transition matrix. For each row of theQ œ # $ ‚ $

transition matrix, using (15), a Dirichlet prior was assigned with parameters 90 9 1Ð Ñ
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implying a prior expectation of 10% missing pulses in the series. We note that there

maybe prior information available on what percent of pulses are missing (but not on their

location) and such information can be used to specify the prior parameters of the

Dirichlet distribution.

Using the above priors the Gibbs sampler was run for each candidate model

following our development in Section 3. From the Gibbs sampler output, for each

candidate model the marginal likelihoods were computed using the procedure presented

in Section 4. This was repeated for simulated data sets with different values of the noise

standard deviation . More specifically, the analyses were repeated for each model5A

using simulated data with , , , , , ,and  In each simulation the data5A œ " & "! "& #! #& $!Þ

was generated from the model with period 3 and there were 8 missing pulses. In Figure 3,

we present the log marginal likelihoods of the four models for the different values of the

5A (as shown on the -axis).  The figure illustrates that our approach identifies theB

stagger model with period 3 as the correct model in all cases except the last one where

5 5A Aœ 30.  As expected, performance deteriorates as  gets large as shown by the

decreasing value of the log marginal likelihood for stagger model with period 3.

Similarly, the posterior distribution of  under the correct model was more concentrated5A

around the actual values of    compared to the other models.5A

We note that the performance of the approach is dependent on its ability to infer

the unknown locations of the missing pulses. In Table 1, for the stagger model with

period 3 and  we illustrate the posterior distributions of the latent variables 's5A 3œ #& =

associated with missing pulse locations , , , , , and . The posterior3 œ "# ") %& &% '& (" )!

distribution of  associated with a no missing pulse location is also shown for=%

comparison purposes.

Each row in Table 1 represents the posterior distribution associated with the

particular pulse location. We note that for  which is the state variable for location 4=%

with no missing pulse, the posterior probability of no missing pulse ( ) is 0.998. For= œ "%
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locations 12, 71 and 80 where there is one missing pulse in each case, the3 œ

corresponding posterior probabilities  are all higher than 0.92. Note that:Ð= œ #l Ñ3 D

these are the PRI values that are large in magnitude as can be seen from Figure 1.  For

locations 18, 54 and 65 with one missing pulse the probabilities  are not3 œ :Ð= œ #l Ñ3 D

as large as in the previous group, but they are still around 0.79-0.80. Note that these are

the locations with PRI values that are not large in magnitude, but the procedure still is

able to infer the missing pulse with high probability. Finally, location 45 has two missing

pulses and the corresponding posterior probability 0.8434. In summary,:Ð= œ $l Ñ œ%& D

the inference procedure seems to be identifying the location of missing pulses.
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Figure 3. Plots of the Log Marginal Likelihoods versus .5A
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Table 1
Posterior Distributions of  Selected 's=3

Under Stagger Model with Period 3

3 :Ð= œ "l Ñ :Ð= œ #l Ñ :Ð= œ $l Ñ3 3 3D D D
4 0.9980 0.0020 0.0000
12 0.0538 0.9376 0.0086
18 0.2086 0.7910 0.0040
45 0.0004 0.1562 0.8434
54 0.1972 0.8024 0.0004
65 0.2142 0.7852 0.0006
71 0.0120 0.9604 0.0276
80 0.0678 0.9254 0.0068

6. Conclusions

In this paper a Bayesian approach was developed for analysis of pulse trains

corrupted by missing pulses at unknown locations. The development was motivated by

electronic warfare applications where it is of interest to infer the locations of missing

pulses to identify the PRI modulation type.

The implementation of the approach was demonstrated using simulated data and it

was shown that the Bayesian approach performed adequately in locating the missing

pulses and identfying the correct model. However, the results presented here are based on

limited data sets and more experience is needed with more complicated data structures.

 A comparison of  the model selection approach with other approaches such as the

the reversible jump Markov chain Monte Carlo methods of  Green (1995)  remains to be

seen. This is an area for further study. 

 An important extension of the presented model is the case where the noise terms

are correlated. This situation may arise in certain applications and requires a modification

of our setup and procedures.
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APPENDIX: Details of the Gibbs Sampler

A.1. Full Conditional Distribution of T3

The full conditional distribution of  is given byT3

:Ð l Ñ º :Ð= l= œ 3Ñ :ÐT W T3 3 (A1)8 5" 5

5œ"

8$ Ñ

where  is the Dirichlet prior given in (15). The above can be written as:ÐT3Ñ

:Ð l Ñ º :T W3
"

34 (A2)8

4œ"

Q" "Ð= œ4 = œ3Ñ

34
$ :

!34

!
5œ"

8

5" 5,
,

where • is an indicator function that takes value 1 if its argument is correct and 0"Ð Ñ

otherwise.

A.2. Full Conditional Distributions of  and ) 9

In obtaining , , we can write:Ð Ñ)l9,W8 D

:Ð Ñ º : Ñ :Ð) ) )l Ð l Ñ9 9 9, , , , W W8 8, (A3)D Dl

where  is given by (11a) and it does not depend on the latent vector due to the:Ð)l Ñ9 W8 

prior independence assumptions. The first term on the right-hand side of (A3) is the

conditional likelihood function of given ,)  Ð9 W8,  which is given by the multivariateDÑ

normal form (12) with are functions of the latent sequence . Thus, (A3) can\ Y W   and 8

be written as

:Ð Ñ º /B:
#

) ) ) ) )l  Ð Ñ Ð Ñ  Ð  Ñ Ð  Ñ9, , W \ Y \ 7 Z 78,D D DŠ 9
 w " w " ‘‹

and, using standard Bayesian conjugate analysis [see for example, DeGroot (1970), pp.

251], it can be shown that the full conditional is normal with mean and variance are given

by

7 Z \ Y \ Z 7 \ Y‡ " w " " " w "œ Ð  Ñ Ð  ÑD (A4)
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and

Z Z \ Y \‡ " w " "œ Ð  Ñ , (A5)

repectively.

In writing down the full conditional distribution of , 9 the first term on the right-

hand side of (24), , is the conditional likelihood of  which is a multivariate: ÑÐDl), ,9 W8 9

normal form and the remaining terms are the components of the normal-gamma prior

given by (11a) and (11b). Thus, (24) can be written as

:Ð Ñ º /B:
#

9l  Ð Ñ Ð Ñ ‚) ) ),W \ Y \8
8Î#, D D D” Š 9

9
 w " ‹•

” Š 9 9 9
9:Î# Ð.Î#Ñ"/B: /B:Ð  Ñ
# #

-
 Ð  Ñ Ð  Ñ ‚) )7 Z 7w " ‘‹• , (A6)

and it follows from above that the full conditional of  is a gamma density 9 with

parameters  and ,  and. Î# - Î# . œ 8  :  .‡ ‡ ‡where 

- œ‡ Ð Ñ Ð Ñ  Ð  Ñ Ð  Ñ  -D D \ Y \ 7 Z 7) ) ) )w " w " ‘.
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