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Abstract We consider a Poisson process that is modulated in such a way that
the arrival rate at any time depends on the state of a semi-Markov process. This
presents an interesting generalization of Poisson processes with important impli-
cations in real life applications. Our analysis concentrates on the transient as well
as the long term behaviour of the arrival count and the arrival time processes. We
discuss probabilistic as well as statistical issues related to various quantities of
interest.

Keywords Poisson process · Semi-Markov modulation · Probabilistic analysis ·
Bayesian analysis

1 Introduction

Poisson process is perhaps the most widely used stochastic process in operations
research and management sciences. It often reflects, quite precisely, the stochastic
structure of arrivals of customers at a given location. It also offers computational
tractability with the simplicity of the Poisson distribution and the exponential dis-
tribution of the interarrival times. Therefore, it has been one of the prime modelling
tools in both the theory and practice of queues, among several other areas. In its
simplest standard form, it is a right-continuous process with independent and sta-
tionary increments that increases by jumps of magnitude 1 only. This implies that
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the total number of arrivals in any time interval [t, t + s) has the Poisson distri-
bution with parameter λs where λ is the rate at which arrivals occur at any point
in time. Despite widespread applicability, this is often unrealistic since the arrival
rate is not necessarily constant in many cases. If the stationarity assumption on the
increments is dropped, we have so-called nonstationary Poisson processes which
can be transformed to ordinary Poisson processes by the well-known uniformiza-
tion technique involving a deterministic time change operation. As such, the arrival
rate at any time t is λ(t) so that it is not a constant but a deterministic function of
time. Still, one can think of many cases where this generalization fails to provide
a sufficiently good approximation. This is especially true if the arrival rate at any
time is also random.

One approach to attack this problem has been to represent the arrival rate func-
tion by a stationary stochastic process Z . This is known as the doubly stochastic
Poisson process introduced by Cox (1955), and several variations of this idea are
studied by others like Kingman (1964) and Berman (1981) to name a few. Research
along this direction analyze the statistical properties of the modulated Poisson pro-
cess through those of the modulating process Z .

In the present setting, we aim to describe this relationship further by supposing
that the arrival rate process is modulated by a stochastic process Y with a discrete
state space E such that

Zt = λ(Yt ) (1)

for all t ≥ 0 where λ(i) is the rate of arrivals when the state of Y is i. Here, we
call Y the environmental process that affects and modulates the arrival rate of the
Poisson process. This idea follows that presented in detail by Özekici (1996) who
discusses the use of an environmental process as a source of random variations in
the model parameters, as well as stochastic dependence among the model com-
ponents of complex systems. Although the presentation in this paper focuses on a
Poisson arrival process with a randomly varying arrival rate, the model described
by (1) is more general with applications in a number of different areas. The reader
is further referred to and Çınlar and Özekici (1987) for reliability models in random
environments, and Özekici and Soyer (2003) for an application in software reli-
ability engineering. Neuts (1978) and Prabhu and Zhu (1989) discuss modulated
queueing models. Inventory models that are modulated by randomly changing eco-
nomic environments are in a number of papers including Song and Zipkin (1993)
and Erdem and Özekici (2002).

In section 2, we describe our semi-Markov modulated Poisson process model
more precisely by introducing the relevant notation and terminology. Character-
izations on the transient behaviour of the processes involved will be provided in
section 3 and section 4 will be devoted to ergodic analysis. In section 5, we con-
sider the Markov modulated Poisson process and present its Bayesian analysis in
section 6. An illustration of our results is given in section 7.

2 Modulated Poisson model

Let N be a modulated Poisson process such that Nt depicts the total number of
arrivals until time t. The modulation is done via an environmental process Y with
a discrete state space E where Yt represents the state of the environment at time t .
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The rate of arrivals at time t is λ(Yt ) for some arrival rate vector λ defined on E .
We suppose that while the environment is at state i arrivals occur according to an
ordinary Poisson process with rate λ(i). To be more precise,

P[Nt = k|Y ] = e−At Ak
t

k! , (2)

where

At =
∫ t

0
λ(Ys)ds (3)

for all k = 0, 1, . . . and t ≥ 0.
It also follows from this construction that, given Y, N is a nonstationary Pois-

son process with expectation or mean value function E[Nt |Y ] = At . Defining T
to be the arrival time process so that Tn is the time of the nth arrival, we have the
conditional interarrival time distribution

P[Tn+1 − Tn > t |Y, Tn] = e−(ATn+t −ATn ). (4)

The modulated process reduces to the ordinary Poisson process with rate λ if the
arrival rate vector is λ(i) = λ independent of the environment for all i. In this case,
At = λt deterministically.

The arrival process N can be studied via the additive functional A of Y. In
particular, (2) and (4) directly yield

P[Nt = k] = E

[
e−At Ak

t

k!
]

(5)

and
P[Tn+1 − Tn > t |Tn] = E[e−(ATn+t −ATn )]. (6)

Therefore, the probability law of A, thus that of the environmental process Y, will
play an important role in our analysis of N and T . The discrete time version of
this setting, for Bernoulli processes, is analyzed by Özekici (1997) and Özekici
and Soyer (2003) where the success probability depends on the state of a Markov
chain in each period.

We assume that Y is the minimal semi-Markov process associated with a Mar-
kov renewal process (X, S) with some semi-Markov kernel Q. In other words, Xn
is the nth state visited by the environmental process and Sn is the time of this visit
such that

Yt = Xn whenever Sn ≤ t < Sn+1. (7)

Moreover, the semi-Markov kernel gives

Q(i, j, t) = P[Xn+1 = j, Sn+1 − Sn ≤ t |Xn = i] (8)

for all i, j ∈ E and t ≥ 0. The process X is a Markov chain with transition matrix
Q(i, j,+∞) and the process Y spends a random amount of time with distribution
function

Fi (t) = P[S1 ≤ t |Y0 = i] =
∑
j∈E

Q(i, j, t) (9)
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in state i. Note that S1 is the time of first jump of Y and it represents the amount of
time spent in state i if Y0 = i. This random variable and its distribution will play
a crucial role in the following discussions. The Markov renewal kernel defined as

R(i, j, t) =
+∞∑
n=0

Qn(i, j, t) (10)

gives the expected number of visits to the environmental state j until time t if the
initial state is i where Qn is the n-fold convolution of Q by itself. We will see that
it plays a critical role in the analysis of Y and A. Finally, we will let Pt denote the
transition function of Y so that

Pt (i, j) = P[Yt = j |Y0 = i]. (11)

It is known that the transition function can be characterized by a Markov renewal
equation the solution of which is

Pt (i, j) =
∫

[0,t)
R(i, j, ds)F j (t − s), (12)

where F j = 1 − Fj is the survival function corresponding to Fj . For notation,
terminology and results on Markov renewal theory, we refer our reader to Çınlar
(1975).

3 Transient characterizations

Note that although N is conditionally a nonstationary Poisson process given Y, it no
longer enjoys the independence of its increments without conditioning. Therefore,
the major requirement for Poisson processes is not satisfied anymore. However,
there are still many interesting characterizations pertaining to N and T . In partic-
ular, the generating function of Nt can be written as

E[αNt ] =
+∞∑
k=0

αk E

[
e−At Ak

t

k!
]

= E

[
e−At

+∞∑
k=0

(αAt )
k

k!

]

= E[e−(1−α)At ] = E[e−Aα
t ] (13)

for 0 ≤ α ≤ 1 where

Aα
t = (1 − α)At = (1 − α)

∫ t

0
λ(Ys)ds =

∫ t

0
λα(Ys)ds, (14)

and λα is an arrival rate vector defined as λα(i) = (1 − α)λ(i) for each i ∈ E .
Therefore, λα ≤ λ represents a scaled arrival rate vector with scaling factor (1−α).

Let Nα be a modulated Poisson process with arrival rate vector λα and T α be
the corresponding arrival time process. It now follows directly from (4) that

E[αNt ] = E
[
e−Aα

t

]
= P

[
T α

1 > t
]

(15)
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for all t ≥ 0 and 0 ≤ α ≤ 1. In other words, if the distribution of the time to
the first arrival of a modulated Poisson process is known, then one can obtain a
complete characterization on the distribution of Nt for all t. For a given λ, if we
let Gλ(t) = P[T1 > t], then (15) can equivalently be written as

E
[
αNt

]
= P

[
T α

1 > t
] = Gλα (t). (16)

If N is an ordinary Poisson process with a constant arrival rate λ, then Nt has
the Poisson distribution with mean λt so that

E
[
αNt

]
= e−(1−α)λt . (17)

This is in the form characterized for a modulated Poisson process by (16) where
Gλ(t) = e−λt is the exponential survival function corresponding to the time of the
first arrival. This exponential distribution of the time to the first arrival provides a
complete characterization of the distribution of Nt via (17) so that its generating
function is Gλα (t) = e−(1−α)λt . It is important to note that the same is true for a
modulated Poisson process via (16), but now the distribution of the time to the first
arrival is not necessarily exponential. Whatever it is, the scaled survival function
Gλα (t) gives the generating function of Nt .

Since the modulating process involves a Markov renewal process, character-
izations on the transient behaviour of several quantities of interest can be ob-
tained using Markov renewal theory. To simplify our notation, we will set Ei [Z ] ≡
E[Z |Y0 = i] and Pi [B] = P[B|Y0 = i] for any random variable Z and any event
B. We will analyze the conditional survival function Pi [T1 > t] of the time to the
first arrival for a given arrival rate vector λ. This function can be used in a trivial
manner to compute Gλ(t) = P[T1 > t] = ∑

i∈E P[Y0 = i]Pi [T1 > t] using the
initial distribution of Y.

Renewal theoretic discussions yield

Pi [T1 > t] = Pi [T1 > t, S1 > t] + Pi [T1 > t, S1 ≤ t]
= e−λ(i)t Fi (t) +

∑
j∈E

∫
[0,t)

Q(i, j, ds)e−λ(i)s Pj [T1 > t − s]

= e−λ(i)t Fi (t) +
∑
j∈E

∫
[0,t)

Qλ(i, j, ds)Pj [T1 > t − s], (18)

where Qλ(i, j, ds) = Q(i, j, ds)e−λ(i)s is also a semi-Markov kernel. There-
fore, (18) is a Markov renewal equation of the form f = gλ + Qλ ∗ f where
gλ(i, t) = e−λ(i)t Fi (t). It has the unique solution f = Rλ ∗ gλ, or

Pi [T1 > t] = Rλ ∗ gλ(i, t) =
∑
j∈E

∫
[0,t)

Rλ(i, j, ds)e−λ( j)(t−s)F j (t − s), (19)

where Rλ = ∑+∞
n=0 Qn

λ is the Markov renewal kernel corresponding to Qλ.
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This conditional survival function also gives the conditional generating func-
tion of Nt as

Ei

[
αNt

]
= Pi

[
T α

1 > t
] = Rλα ∗ gλα (i, t)

=
∑
j∈E

∫
[0,t)

Rλα (i, j, ds)e−(1−α)λ( j)(t−s)F j (t − s) (20)

after repeating the arguments for (13), (14), (15) and (16). Another quantity of
interest is

Ei [Nt ] = Ei [Nt ; S1 > t] + Ei [Nt ; S1 ≤ t]
= λ(i)t Fi (t) +

∑
j∈E

∫
[0,t)

Q(i, j, ds)(λ(i)s + E j [Nt−s])

= λ(i)t Fi (t) + λ(i)
∫

[0,t)
Fi (ds)s +

∑
j∈E

∫
[0,t)

Q(i, j, ds)E j [Nt−s]

= λ(i)
∫ t

0
Fi (s)ds +

∑
j∈E

∫
[0,t)

Q(i, j, ds)E j [Nt−s], (21)

where the last equality follows by noting that t Fi (t) + ∫
[0,t) Fi (ds)s = Ei [min

{S1, t}] = ∫ t
0 Fi (s)ds.

Note that (21) is in fact a Markov renewal equation of the form f = hλ + Q ∗ f
where hλ(i, t) = λ(i)

∫ t
0 Fi (s)ds and it has the unique solution f = R ∗ hλ . In

open form, this solution is written as

Ei [Nt ] = R ∗ hλ(i, t) =
∑
j∈E

∫
[0,t)

R(i, j, ds)λ( j)
∫ t−s

0
F j (s)ds. (22)

Let Mt denote the number of arrivals until time t since the last environment
change before time t, i.e., Mt = Nt − NSn whenever Sn ≤ t < Sn+1. It is clear that
M is a semi-regenerative process with MSn = 0 for all n. Moreover, its conditional
generating function Ei [αMt ] satisfies the Markov renewal equation

Ei

[
αMt

]
= Ei

[
αMt ; S1 > t

]
+ Ei

[
αMt ; S1 ≤ t

]

= e−(1−α)λ(i)t Fi (t) +
∑
j∈E

∫
[0,t)

Q(i, j, ds)E j

[
αMt−s

]
, (23)

which has the unique solution

Ei

[
αMt

]
=
∑
j∈E

∫
[0,t)

R(i, j, ds)e−(1−α)λ( j)(t−s)F j (t − s). (24)

A similar discussion gives the characterization

Ei [Mt ] =
∑
j∈E

∫
[0,t)

R(i, j, ds)λ( j)(t − s)F j (t − s). (25)
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The analysis provided in this section for various quantities of interest dem-
onstrate how Markov renewal theory can be used to characterize the transient
behaviour of the semi-Markov modulated Poisson model. The difficulty with most
of the results presented here is in determining R or Rλ. The formulas are not com-
putationally tractable but they can be used to obtain approximations. The long term
behaviour of the model, however, can be more easily analyzed via computationally
tractable formulas.

4 Ergodic analysis

Suppose that both X and Y are ergodic processes with limiting distributions ν( j) =
limn→+∞ P[Xn = j] and π( j) = limt→+∞ P[Yt = j]. This implies that ν is the
unique solution of ν = ν P with the normalizing condition

∑
i∈E ν(i) = 1 where

P(i, j) = Q(i, j, +∞) is the transition matrix of the embedded Markov chain X.
It is well-known that

lim
t→+∞ R ∗ g(i, t) =

∑
j∈E ν( j)

∫ +∞
0 g( j, u)du∑

i∈E ν(i)m(i)
, (26)

where m( j) = E j [S1] provided that g is directly Riemann integrable. This will
indeed be true in all of the cases discussed below. For example, the application of
(26) to the transition function in (12) gives the limiting distribution

π( j) = lim
t→+∞ Pt (i, j) = ν( j)m( j)∑

k∈E ν(k)m(k)
(27)

as the normalization of {ν( j)m( j)}.
It is quite clear that limt→+∞ Ei [αNt ] = 0 for α < 1 and limt→+∞ Ei

[Nt ] = +∞. But, the application of (26) to (24) and (25) respectively yields
the explicit formula.

lim
t→+∞ Ei

[
αMt

]
= lim

t→+∞
∑
j∈E

∫
[0,t)

R(i, j, ds)e−(1−α)λ( j)(t−s)F j (t − s)

=
∑

j∈E ν( j)
∫ +∞

0 e−(1−α)λ( j)u F j (u)du∑
k∈E ν(k)m(k)

=
∑

j∈E ν( j)[(1 − F j ((1 − α)λ( j)))/(1 − α)λ( j)]∑
k∈E ν(k)m(k)

(28)

=
∑
j∈E

π( j)
[
(1 − F j ((1 − α)λ( j)))/(1 − α)λ( j)m( j)

]

=
∑
j∈E

π( j)M j ((1 − α)λ( j)) (29)

where M j (α) = (1−F j (α))/αm( j). Here, F j is the Laplace transform of Fj . One

can also show that M j (α) = E[e−α Ŝ j ] is the Laplace transform of the generic
random variable Ŝ j that represents the stationary backward recurrence time, or
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age, of a renewal process with interrenewal distribution Fj . It also follows that
M j ((1 − α)λ( j)) is the generating function of the number of arrivals until time
Ŝ j of a Poisson process with arrival rate λ( j). In light of this interpretation, the
meaning of ( 29) is self-explanatory. In this derivation, (28) follows by noting that

∫ +∞

0
e−(1−α)λ( j)u F j (u)du =

∫ +∞

0
e−(1−α)λ( j)udu

∫
(u,+∞)

Fj (ds)

=
∫ +∞

0
Fj (ds)

∫ s

0
e−(1−α)λ( j)udu

=
∫ +∞

0

Fj (ds)(1 − e−(1−α)λ( j)s)

(1 − α)λ( j)

= 1 − F j ((1 − α)λ( j))

(1 − α)λ( j)
.

By similar reasoning,

lim
t→+∞ Ei [Mt ] = lim

t→+∞
∑
j∈E

∫
[0,t)

R(i, j, ds)λ( j)(t − s)F j (t − s)

=
∑

j∈E ν( j)
∫ +∞

0 λ( j)uF j (u)du∑
k∈E ν(k)m(k)

=
∑

j∈E ν( j)λ( j)E j
[
S2

1

]
2
∑

k∈E ν(k)m(k)
(30)

=
∑
j∈E

π( j)λ( j)
E j
[
S2

1

]
2m( j)

=
∑
j∈E

π( j)λ( j)m̂( j), (31)

where m̂( j) = E[Ŝ j ]. Note that (30) follows from

∫ +∞

0
λ( j)uF j (u)du =

∫ +∞

0
λ( j)udu

∫
(u,+∞)

Fj (ds)

= λ( j)
∫ +∞

0
Fj (ds)

∫ s

0
udu

= λ( j)
∫ +∞

0
Fj (ds)

s2

2
= λ( j)E j

[
S2

1

]
2

.

Although Nt increases without bound like an ordinary Poisson process, we can
characterize its behaviour for large t using Markov renewal theory.

Theorem 1 Let λ̂ = ∑
j∈E π( j)λ( j), then

Ei [Nt − λ̂t] =
∑
j∈E

∫
[0,t)

R(i, j, ds)(λ( j) − λ̂)

∫ t−s

0
F j (u)du, (32)
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so that

lim
t→+∞ Ei [Nt − λ̂t] =

∑
j∈E

π( j)(λ̂ − λ( j))m̂( j), (33)

and

lim
t→+∞

Ei [Nt ]
t

= λ̂ (34)

for all i.

Proof Let n(i, t) = Ei [Nt − λ̂t], then conditioning on S1 gives

n(i, t) = Ei

[
Nt − λ̂t; S1 > t

]
+ Ei [Nt − λ̂t; S1 ≤ t]

= (λ(i) − λ̂)t Fi (t)

+
∑
j∈E

∫
[0,t)

Q(i, j, ds)(λ(i)s + E j [Nt−s] − λ̂s − λ̂(t − s))

= (λ(i) − λ̂)t Fi (t) +
∑
j∈E

∫
[0,t)

Q(i, j, ds)(λ(i) − λ̂)s

+
∑
j∈E

∫
[0,t)

Q(i, j, ds)n( j, t − s)

= (λ(i) − λ̂)

∫ t

0
Fi (s)ds +

∑
j∈E

∫
[0,t)

Q(i, j, ds)n( j, t − s). (35)

This is a Markov renewal equation of the form n = g + R ∗ n where g(i, n) =
(λ(i) − λ̂)

∫ t
0 Fi (s)ds and the unique solution is given by (32). Using (26), the

limiting value is

lim
t→+∞ Ei [Nt − λ̂t] = limu→+∞

∑
j∈E ν( j)(λ( j) − λ̂)

∫ u
0 dt

∫ t
0 F j (s)ds∑

k∈E ν(k)m(k)

= lim
u→+∞

∑
j∈E

π( j)(λ( j) − λ̂)

∫ u

0
dt
∫ t

0

[
F j (s)

m( j)

]
ds

= lim
u→+∞

∑
j∈E

π( j)(λ( j) − λ̂)

∫ u

0
dt Hj (t)

where Hj is the stationary backward recurrence time distribution corresponding to
Fj . It is well-known that the mean of this distribution is m̂( j) = ∫ +∞

0 H j (t)dt =
E j [S2

1 ]/2E j [S1]. Therefore,
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lim
t→+∞ Ei [Nt − λ̂t] = lim

u→+∞
∑
j∈E

π( j)(λ( j) − λ̂)

∫ u

0
dt[1 − H j (t)]

= lim
u→+∞

∑
j∈E

π( j)(λ( j) − λ̂)

[
u −

∫ u

0
H j (t)dt

]

=
∑
j∈E

π( j)(λ̂ − λ( j))
E j
[
S2

1

]
2E j [S1] ,

which finally leads to the desired result in (33). The critical point in this derivation
is that

∑
j∈E π( j)(λ( j) − λ̂) = 0 by the way λ̂ is defined. Since the limit in (33)

is equal to a constant, we also have limt→+∞ Ei [Nt ]/t = λ̂ trivially. �	
It is interesting to note that Ei [Nt − λ̂t] = 0 for all t if N is an ordinary Poisson

process with constant arrival rate λ(i) = λ̂ in all environments. Although this is
not true for the modulated process, Ei [Nt ] behaves like λ̂t for large t in the manner
prescribed by (32). We can call λ̂ the average arrival rate where the average is taken
with respect to the limiting distribution π of Y . The justification for this is provided
by (34).

5 Markov modulation

If the environmental process Y is a Markov process, then most of the computational
results obtained in the previous sections can be simplified. Note that the transient
results involve Markov renewal characterizations that require evaluation of con-
volutions. Although there are procedures to approximate them, this clearly poses
some computational difficulties. Throughout the remainder of this paper we sup-
pose that Y is a Markov process to obtain more computationally tractable results.
This implies that

Q(i, j, t) = P(i, j)(1 − e−µ(i)t ), (36)

where P is the transition matrix of the embedded Markov chain X and µ is the
vector of jump rates. More precisely, if the process Y is in some state i, then it
stays there for an exponentially distributed amount of time with rate µ(i) and then
jumps to some other state j with probability P(i, j). It also follows that

Fi (t) = 1 − e−µ(i)t , (37)

and the generator of the Markov process Y is given by the matrix

G(i, j) =
{−µ(i), if j = i,

µ(i)P(i, j), if j 
= i. (38)

We now define another process Y λ such that

Y λ
t =

{
Yt , if t < T1,
�, if t ≥ T1,

(39)
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where T1 is the time of the first arrival. While the environment is in state i, the
time of an arrival has the exponential distribution with rate λ(i). It is clear that
Y λ is also a Markov process on the extended state space E� = E ∪ {�} and it is
obtained by “stopping” the Markov process Y as soon as an arrival occurs. Here,
� is an absorbing state where the process is dumped to as soon as it is stopped.
The transition matrix of the embedded Markov chain is now extended as

Pλ(i, j) =

⎧⎪⎨
⎪⎩

µ(i)
µ(i)+λ(i) P(i, j), if i, j ∈ E,

λ(i)
µ(i)+λ(i) , if i ∈ E, j = �,

1, if i, j = �,

(40)

and the transition rate vector is

µλ(i) =
{

µ(i) + λ(i), if i ∈ E,
0, if i = �.

(41)

If we let the matrix Gλ(i, j) = µλ(i)(Pλ(i, j) − I (i, j)) denote the genera-
tor of Y λ, then it is well-known that the transition function Pλ

t (i, j) = P[Y λ
t =

j |Y λ
0 = i] for all i, j ∈ E� is given by the matrix-exponential solution

Pλ
t = eGλt =

+∞∑
n=0

tn

n!Gn
λ. (42)

A further simplification is obtained by noting that

Gλ(i, j) = G(i, j) − �(i, j) (43)

for all i, j ∈ E where � is a diagonal matrix defined as

�(i, j) =
{

λ(i), if j = i,
0, if j 
= i. (44)

Since Gλ(�, j) = 0 and Gλ(i, �) = λ(i) for all i ∈ E and j ∈ E�, we can
rewrite (42) as

Pλ
t (i, j) = eGλt (i, j) = e(G−�)t (i, j) (45)

for all i, j ∈ E .
Now, note that our construction of Y λ implies

T1 = inf
{
t ≥ 0; Y λ

t = �
}
, (46)

and T1 is the first-passage-time to the absorbing state �. So, it has a phase-type
distribution and, in particular,

Pi [T1 > t] = Pi
[
Y λ

t ∈ E
] =

∑
j∈E

Pλ
t (i, j) =

∑
j∈E

e(G−�)t (i, j), (47)

which is the simplified version of (19). Note that in reliability applications where a
device fails exponentially with a failure rate that depends on the randomly chang-
ing environment, (47) gives the survival function. In this case, the mean time to
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failure (MTTF) is also another quantity of interest. Using the Markov property, it
can be computed by solving the system of linear equations

Ei [T1] = µλ(i)
−1 +

∑
j∈E

Pλ(i, j)E j [T1] (48)

for i ∈ E so that the explicit solution is

Ei [T1] =
∑
j∈E

[I − Pλ]−1 (i, j)µλ( j)−1. (49)

Now, (20) reduces to

Ei

[
αNt

]
= Pi

[
T α

1 > t
] = Pi

[
Y λα

t ∈ E
]

=
∑
j∈E

Pλα
t (i, j) =

∑
j∈E

e(G−(1−α)�)t (i, j) (50)

to yield an explicit characterization for the conditional generating function of Nt
since λα(i) = (1 − α)λ(i).

In ergodic analysis, we now have m( j) = E j [S1] = 1/µ( j) and

π( j) = ν( j)/µ( j)∑
k∈E (ν(k)/µ(k))

(51)

replaces (27). Since F j (α) = µ( j)/(α + µ( j)) is the Laplace transform of the
exponential distribution, (29) simplifies to

lim
t→+∞ Ei

[
αMt

]
=
∑
j∈E

π( j)

[
µ( j)

(1 − α)λ( j) + µ( j)

]
, (52)

while (31) becomes

lim
t→+∞ Ei [Mt ] =

∑
j∈E

π( j)

[
λ( j)

µ( j)

]
(53)

by taking m̂( j) = m( j) = 1/µ( j) since the stationary backward recurrence time
distribution of the exponential distribution is itself.

Finally, Theorem 1 implies

lim
t→+∞ Ei [Nt − λ̂t] =

∑
j∈E

π( j)

[
λ̂ − λ( j)

µ( j)

]
, (54)

and

lim
t→+∞

Ei [Nt ]
t

= λ̂ =
∑
j∈E

π( j)λ( j). (55)

Differentiating the moment generating function (50) with respect to α and
evaluating it at α =1 as in Fischer and Meier-Hellstern (1992), we can also obtain
the expected number of arrivals until time t as

Ei [Nt ] = λ̂t +
∑
j∈E

([
eGt − I

]
[G + �]−1

)
(i, j)λ( j), (56)

where �(i, j) = π( j).
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6 Bayesian analysis of the Markov modulated process

The model and the analysis presented above are based on the assumption that the
parameters are specified. In this section, we will present a Bayesian analysis of
the Markov modulated model by describing the uncertainty about the parameters
probabilistically via some prior distributions. In particular, we will assume inde-
pendent gamma priors on each λ(i) with shape parameter a(i) and scale parameter
b(i), denoted as λ(i) ∼ Gamma (a(i), b(i)) for all i ∈ E . Similarly, independent
gamma priors are assumed for the rates µ(i) as µ(i) ∼ Gamma (c(i), d(i)) for
all i ∈ E . The prior distribution for the transition matrix of the embedded Markov
chain X is specified by assuming that the i th row Pi = {P(i, j); j ∈ E} has a
Dirichlet prior

p(Pi ) ∝
∏
j∈E

P(i, j)α
i
j −1 (57)

denoted as Dirichlet {αi
j ; j ∈ E} and Pi ’s are independent for all i ∈ E . Fur-

thermore, it is assumed that apriori λ(i)’s, µ(i)’s, and Pi ’s are independent of
each other. We define � = {(λ(i), µ(i),Pi ); i ∈ E} and denote the joint prior
distribution of � by p(�).

6.1 Prior analysis

We note that the generator matrix G of the environmental process Y and the rate
matrix � of the Poisson process are functions of � . Thus, the results presented
under the Markov modulation are conditional on the unknown vector �. Prior to
observing any data we can make predictions for quantities such as the time of the
first arrival and for the expected number of arrivals until time t using the prior
distribution p(�).

In obtaining the distribution of the time of the first arrival we consider (47) and
rewrite it as

P[T1 > t |Y0 = i, �] = Pi [T1 > t |�] =
∑
j∈E

e(G(�)−�(�))t (i, j). (58)

Conditional on �, e(G(�)−�(�))t can be computed from the matrix exponential
form using one of the available methods, for example, in Moler and van Loan
(1978). Alternatively, if the eigenvalues of the matrix H(�) = G(�) − �(�) are
distinct, we can obtain

e(G(�)−�(�))t = A(�)eD(�)t A(�)−1, (59)

where D(�) is a diagonal matrix of the eigenvalues of H(�), and A(�) is the
matrix of the eigenvectors corresponding to the distinct eigenvalues such that
H(�) = A(�)D(�)A(�)−1. Given the matrix exponential solution, prior to any
data we can make probability statements as

P[T1 > t |Y0 = i] =
∫

P[T1 > t |Y0 = i,�]p(�)d�, (60)
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which can be approximated via simulation as a Monte Carlo integral

P[T1 > t |Y0 = i] ≈

1

S

∑
s

P
[
T1 > t |Y0 = i,�(s)

]
(61)

by generating S realizations from the prior distribution p(�).
Similarly to obtain the expected number arrivals until time t we rewrite ( 56)

as

E[Nt |Y0 = i,�] = Ei [Nt |�]
= λ̂(�)t +

∑
j∈E

([
eG(�)t − I

]
[G(�) + �(�)]−1

)
(i, j)λ( j)

(62)

to note that the longrun rate λ̂ and the limiting distribution matrix � of the Y
process are functions of the unknown parameters. For a given value of the �, (62)
can be computed by evaluating (51) and (55). Then the prior expected number of
arrivals is given by

E[Nt |Y0 = i] =
∫

E[Nt |Y0 = i, �]p(�)d�, (63)

which can be approximated as

E[Nt |Y0 = i] ≈

1

S

∑
s

E
[

Nt |Y0 = i, �(s)
]
. (64)

Note that prior distributions for limiting probabilities (51) and the longrun rate (55)
can also be obtained using similar Monte Carlo approximations.

6.2 Posterior analysis

Assume that the modulated Poisson process is observed for τ units of time during
which K changes in the environmental process are observed. Furthermore, arrival
times of the process under each environment as well as the environments and their
durations are observed, that is, the observed data is given by

D =
{
(Xk, Sk),

(
T k

1 , T k
2 , . . . , T k

Mk

)
; k = 1, . . . , K

}
, (65)

where T k
j is the time of j th arrival during the kth environment and Mk is the num-

ber of arrivals during the kth environment. Moreover, Xk is the kth state visited by
the environmental process while Sk is the time at which the environmental process
enters the kth state.

We assume that the initial environment is X1 = i for some environment i and
it starts at S1 = 0. Since the results presented in previous sections are all condi-
tional on some initial state i , the posterior analysis will be based on this arbitrary
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initialization. The likelihood function of � = {(λ(i), µ(i),Pi ); i ∈ E} given data
D is

L(�|D) = LK

{
K−1∏
k=1

P(Xk, Xk+1)µ(Xk)e
−µ(Xk )(Sk+1−Sk )

· λ(Xk)
Mk e− λ(Xk )(Sk+1−Sk )

}
(66)

where LK is the contribution of the K th environment to the likelihood given by

LK = e−µ(X K )(τ−SK )λ(X K )MK e− λ(X K ) (τ−SK ). (67)

Given the independent Dirichlet priors, the posterior distribution of Pi ’s can be
obtained as independent Dirichlets given by

(Pi |D) ∼ Dirichlet

{
αi

j +
K−1∑
k=1

1(Xk = i, Xk+1 = j); j ∈ E

}
, (68)

where 1(.) is the indicator function. Similarly, the posterior distributions of µ(i)’s
are obtained as independent gamma densities given by

(µ(i)| D) ∼ Gamma

(
c(i) +

K−1∑
k=1

1(Xk = i),

d(i) +
K∑

k=1

(Sk+1 − Sk)1(Xk = i)

)
, (69)

where SK+1 = τ . We note that posteriori µ(i)’s and Pi ’s are independent of λ(i)’s
as well as each other. The posterior distributions of λ(i)’s are obtained as

(λ(i)| D) ∼ Gamma

(
a(i) +

K−1∑
k=1

Mk1(Xk = i),

b(i) +
K∑

k=1

(Sk+1 − Sk)1(Xk = i)

)
, (70)

where SK+1 = τ . Again λ(i)’s are independent of each other.
Once our uncertainty about � is revised to p(�|D), then we are interested in

making posterior predictions for time to the next arrival via P[T̂1 > t |D], and for
the expected number of arrivals via E[N̂t |D]. Here, T̂1 is the time of the first arrival
after time τ and N̂t = Nτ+t − Nτ is the number of arrivals during [τ, τ + t]. Note
that conditional on �, using the Markov property of the Y process and properties
of the Poisson process, we can write

P[T̂1 > t |Y0 = i, D, �] = P[T1 > t |Yτ , �], (71)
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and

E[N̂t |Y0 = i, D, �] = E[Nτ+t − Nτ |Y0 = i, D,�] = E[Nt |Yτ , �], (72)

where Yτ = X K . Thus, using our previous results we have

P[T1 > t |X K , �] =
∑
j∈E

e(G(�)−�(�))t (X K , j) (73)

where the matrix exponential form can be computed using previously discussed
methods. Similarly, we have

E[Nt |X K , �] = λ̂(�)t +
∑
j∈E

([
eG(�)t − I

]
[G(�) + �(�)]−1

)
(X K , j)λ( j).

(74)
We can obtain the posterior prediction for time to the next arrival as

P[T1 > t |D] =
∫

P[T1 > t |X K , �]p(�|D)d� (75)

which can be approximated, using (73), as a Monte Carlo integral

P[T1 > t |D] ≈

1

S

∑
s

P
[
T1 > t |X K , �(s)

]
(76)

by generating S realizations from the posterior distribution p(�|D). Similarly,
posterior prediction for expected number of arrivals is obtained via

E[Nτ+t − Nτ |D] =
∫

E[Nt |X K , �]p(�|D)d� (77)

which we can approximate as a Monte Carlo integral

E[Nτ+t − Nτ |D] ≈

1

S

∑
s

E
[

Nt |X K ,�(s)
]

(78)

using (74) with realizations from the posterior distribution of �. We note that in
evaluating the above we compute the posterior distributions for limiting probabil-
ities (51) and the longrun rate (55) using similar Monte Carlo approximations.

As a final remark, note that although we focused on the Bayesian analysis of
the distribution of the time of the first arrival and the expected number of arrivals in
a given time interval, it is clear that similar analysis can be done in a trivial manner
for other quantities discussed in sections 3 and 4.
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7 Numerical illustration

We next illustrate the use of our results and the implementation of the
Bayesian analysis by using simulated data from a Markov modulated Poisson
process (MMPP) where the environmental process consists of three states. Thus,
in our notation of section 5, we have the state space E = {1, 2, 3} for the Markov
process Y . Using the MMPP introduced in section 5, we simulated an arrival pro-
cess for a period of τ = 1,595 units of time during which K = 99 changes were
observed for the environmental process. It was assumed that the initial state was
X1 = 1 and that the generator matrix of the Markov process was given by

G =
⎡
⎣ −0.05 0.05 × 0.65 0.05 × 0.35

0.10 × 0.45 −0.10 0.10 × 0.55
0.15 × 0.60 0.15 × 0.40 −0.15

⎤
⎦ .

The arrival rates λ(1) = 0.2, λ(2) = 0.3 and λ(3) = 0.6 were used in the simula-
tion which provided us with the type of data as in (65).

In our illustration we assume that all the components of � are independent and
we use diffused prior distributions for each of the components. For the Dirichlet
priors in (57), we assume that αi

j = 1 implying that E[P(i, j)] = 1/3 for all
i, j ∈ E . For the gamma priors of λ(i)’s, we assume that a(i) = 1 and b(i) = 0.1
for all i ∈ E; and similarly for the gamma priors on µ(i) ’s, we assume that
c(i) = 1 and d(i) = 1 for all i ∈ E . The above choice of parameters implies a
high degree of prior uncertainty about the components of �. In a situation where
prior information exists, the prior parameters can be specified by eliciting best
guess values for elements of � and uncertainties about these values can be elic-
ited. In what follows, we will focus on posterior analysis of the simulated data and
discuss how posterior predictions can be obtained for time to next arrival and for
the expected number of arrivals in a given time interval.

The posterior distributions of Pi ’s can be obtained as Dirichlet distributions
given by (68) and the posterior distributions of µ(i)’s and λ(i)’s are obtained as
independent gamma densities as given by (69) and (70), respectively. As previously
mentioned, the components of � are independent of each other aposteriori. Once
these posterior distributions are obtained we can simulate the posterior distribution
of the limiting probabilities (51). In Figure 1 we present the density plots for the
posterior distributions of π( j)’s. As implied by Figure 1, the environmental pro-
cess is expected to be in state 1 most of the time in the longrun. More specifically,
the posterior means are given by E[π(1)|D] = 0.658, E[π(2)|D] = 0.216, and
E[π(3)|D] = 0.125.

Given the posterior distribution of � we can obtain the posterior distribution
of the time to the next arrival via simulation using the Monte Carlo approximation
(76). To evaluate the Monte Carlo integral for each realization of the posterior
distribution of �, we need to evaluate the matrix exponential form given by (59)
using the eigenvectors of H(�) = G(�) − �(�). All these evaluations are con-
ditional on the last state, that is, on X K which corresponds to the state 1 in our
case. In Figure 2 we present the posterior predictive distribution of the time to the
first arrival and compare it with the actual distribution based on the values of �
used in simulating the MMPP. We note that the posterior predictive distribution is
very close to the actual distribution as shown by the figure.
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Fig. 1 Posterior distributions of limiting probabilities
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Fig. 2 Comparison of actual and expected posterior distributions of time to the first arrival

The posterior expected number of arrivals for a future interval of [τ, τ + t) were
obtained for t = 10, 20, 30, 40 and 50 using the Monte Carlo integral approxima-
tion (78). Computation of this Monte Carlo integral requires evaluation of (74)
for each realization of the posterior distribution of �. Note that this term involves
a matrix exponential form which can be computed as discussed before, and the
limiting probabilities and the longrun rate λ̂(�) can be evaluated using the corre-
sponding formulas. In Table 1, we present the posterior expected number of arrivals
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Table 1 Posterior expected number of arrivals at t=10, 20,30, 40 and 50

t 10 20 30 40 50

E[Nτ+t − Nτ |D] 2.27 4.78 7.38 10.01 12.65
Actual E[Nτ+t − Nτ ] 2.37 5.13 8.01 10.94 13.89

11 12 13 14 15 16
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5

E[N(50)]

Fig. 3 Posterior distribution of expected number of arrivals at t = 50

and compare them with the actual expected number of arrivals based on the values
of components of � used in simulating the observed data.

We note from the table that the posterior mean arrivals are very close to the
actual mean arrivals for shorter time arrivals. The discrepancy is little larger for
longer intervals as implied by the cases of t = 40 and 50. Such discrepancy is
expected since Figure 2 implies longer time between arrivals based on the poster-
ior predictive distribution.

In the Bayesian analysis we can also make probability statements about ex-
pected number of arrivals during any interval. This is due to the fact that for given
t (74) is a function of � and thus we can obtain its probability distribution using
samples from the posterior distribution of �. This simply requires the evaluation
of (74) using the posterior samples. In Figure 3, we present posterior distribution
of expected number of arrivals at t = 50.

Acknowledgements This research is supported by the National Science Foundation through
grant INT-9602081.

References

Berman M (1981) Inhomogeneous and modulated gamma processes. Biometrica 68:143–152
Çınlar E (1975) Introduction to stochastic processes. Prentice-Hall, Englewood Cliffs
Çınlar E, Özekici S (1987) Reliability of complex devices in random environments. Prob Eng

Inf Sci 1:97–115
Cox DR (1955) Some statistical models connected with series of events. J R Stat Soc Ser B

17:129–164



S. Özekici and R. Soyer

Erdem A, Özekici S (2002) Inventory models with random yield in a random environment. Int J
Prod Econ 78:239–253

Fischer W, Meier-Hellstern K (1992) The Markov-modulated Poisson process cookbook. Perform
Eval 18:149–171

Kingman JFC (1964) On doubly stochastic Poisson processes. Proc Camb Philos Soc 60:923–960
Moler C, van Loan C (1978) Nineteen dubious ways to compute the exponential of a matrix.

SIAM Rev 20:801–836
Neuts MF (1978) The M/M/1 queue with randomly varying arrival and service rates. Opsearch

15:139–157
Özekici S (1996) Complex systems in random environments, In: Özekici S (ed) Reliability and

maintenance of complex systems. NATO ASI Series Vol. F154. Springer, Berlin Heidelberg
New York, pp 137–157

Özekici S (1997) Markov modulated Bernoulli process. Math Methods of Operations Research
45:311–324

Özekici S, Soyer R (2003) Bayesian analysis of Markov modulated Bernoulli processes. Math
Methods Oper Res 57:125–140

Özekici S, Soyer R (2003) Reliability of software with an operational profile. Eur J Oper Res
149:459–474

Prabhu NU, Zhu Z (1989) Markov-modulated queueing systems. Queueing Sys 5:215–246
Song JS, Zipkin P (1993) Inventory control in fluctuating demand environment. Oper Res 41:351–

370



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /SyntheticBoldness 1.00
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org?)
  /PDFXTrapped /False

  /Description <<
    /DEU <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [2834.646 2834.646]
>> setpagedevice


